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Abstract 

This paper is a review of the foundations and current state of mean-variance capital market theory. 
This work, whose foundations lie in the mean-variance portfolio model of Markowitz, deals with 
the determination of the prices of capital assets under conditions of uncertainty. The Sharpe-
Lintner capital asset pricing model, which forms the core of this body of literature, is an 
investigation of the implications of the normative Markowitz model for the equilibrium structure 
of asset prices. The essential characteristics of these models are reviewed along with the current 
state of the empirical evidence bearing on them. Many of the recent extensions of the theory are 
also reviewed and some attempt is made to integrate these extensions with the currently available 
empirical evidence. 
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I. Introduction 

This paper reviews the development of modern capital market theory1 and the 

empirical evidence bearing on this theory. There are two main approaches to this 

problem: the mean-variance models following in the Markowitz tradition, and the state 

preference models due originally to Arrow and Debreu.2 Both approaches are 

generalizations to a world of uncertainty of the work of Irving Fisher on the theory of 

interest. While the state preference approach is perhaps more general than the mean-

                                                 
1  That is, general equilibrium models of the determination of the prices of capital assets under 
conditions of uncertainty. 
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variance approach and provides an elegant framework for investigating theoretical issues, 

it is unfortunately difficult to give it empirical content. I restrict attention here to the 

mean-variance models.3 

2. The Markowitz model and the mean-variance asset pricing model 

The work of Markowitz4 on portfolio selection resulted in a revolution in the 

theory of finance and laid the foundation for modern capital market theory. His treatment 

of investor portfolio selection as a problem of utility maximization under conditions of 

uncertainty is a path breaking contribution. Markowitz deals mainly with the special case 

in which investor preferences are assumed to be defined over the mean and variance of 

the probability distribution of single-period portfolio returns, but it is clear that he is 

aware of the very special nature of these assumptions. In fact, there are very few 

problems which have received major attention in the literature of this field in the years 

since the publication of his book that are not at least mentioned there.  

Markowitz’s treatment of the portfolio problem was almost entirely normative, 

but other economists began almost immediately to extract positive implications from his 

approach. The two major directions of these early efforts were (1) Tobin’s work5 utilizing 

the foundations of portfolio theory to draw implications regarding the demand for cash 

                                                                                                                                                 
2  See Markowitz (1952; 1959), Arrow (1953), and Debreu (1959). 
3  For an excellent exposition of the state-preference approach see Hirshleifer (1965; 1966; 1970). The 
“long run growth” model of Markowitz (1959), Latane (1959), Breiman (1960; 1961), and Hakansson 
(1971) is another approach to the problem of investment choice under uncertainty.  See Samuelson (1971a) 
for a critique of this approach. Since empirical tests of this model are only just beginning to become 
available and are as yet somewhat incomplete (cf. Roll (1971b)), I shall not consider it here. For criticism 
of the mean-variance approach see Feldstein (1969), Borch (1969), the rejoinder by Tobin (1969), and 
Samuelson (1971b), who provides a justification for the mean-variance approach as an approximation to 
the exact solution when distributions are “compact.” 
4  In Markowitz (1952; 1959). 
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balances, and (2) the general equilibrium models of asset prices derived by Treynor, 

Sharpe, Lintner, Mossin, and Fama.6 Each of these models is an investigation of the 

implications of the normative Markowitz model for the equilibrium structure of asset 

prices. They all involve either explicitly or implicitly the following assumptions:  

1) All investors are single-period expected utility of terminal wealth maximizers who 

choose among alternative portfolios on the basis of mean and variance (or standard 

deviation) of return.7 

2) All investors can borrow or lend an unlimited amount at an exogenously given risk-

free rate of interest 

! 

FR , and there are no restrictions on short sales of any asset.8   

3) All investors have identical subjective estimates of the means, variances, and 

covariances of return among all assets.  

4) All assets are perfectly divisible and perfectly liquid, i.e., all assets are marketable 

and there are no transactions costs.  

5) There are no taxes.  

6) All investors are price takers.  

7) The quantities of all assets are given. 

Given these assumptions, the previously mentioned authors demonstrate that the 

equilibrium expected return, E ˜ R j( ) , on any asset j  will be given by 

                                                                                                                                                 
5  Tobin (1958). 
6  Treynor (1961), Sharpe (1964), Lintner (1965a; 1965b), Mossin (1966), and Fama (1968; 1971), 
respectively. 
7  Note that representing preferences in terms of mean and standard deviation yields identical results to 
those obtained with a mean-variance representation. 
8  Sharpe (1964) is an exception, since he deals with the case where no short sales are allowed. 
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E ˜ R j( ) = RF + !
cov ˜ R j ,

˜ R M( )
" ˜ R M( )

,

 

where RF , is the riskless rate of interest, 

! 

" = E ˜ R 
M( ) # R

F[ ] $ ˜ R 
M( ) is the market risk 

premium per unit of risk, 

! 

E ˜ R 
M( )  is the expected return on the market portfolio (which 

consists of an investment in every asset outstanding in proportion to its total value), 

! 

" ˜ R 
M( )  is the standard deviation of return on the market portfolio, and 

! 

cov ˜ R j ,
˜ R M( )  is the 

covariance between the return on asset j and the return on the market portfolio. The tildes 

denote random variables. We now provide a fairly simple derivation of these results and 

the economic rationale behind them.9 

A simple derivation of the model.  

Figure 1 gives a geometric presentation of the Markowitz mean-variance model. 

Letting 

! 

" ˜ R ( )  be the standard deviation of future return, the shaded area in Figure 1 

represents all possible combinations of risk and return available from investments in risk-

bearing securities. The portfolios lying on the boundary ABMD represent the set of mean 

standard deviation (or mean-variance) efficient portfolios (since they all represent 

possible investments yielding maximum expected return for given standard deviation and 

minimum standard deviation for given expected return). 

As Tobin has shown,10 the normality of security returns and the existence of risk 

aversion on the part of the investor are sufficient to yield a family of positively-sloping 

convex indifference curves (represented by 

! 

I
1
,I
2
,I

3
) in the mean standard deviation plane 

                                                 
9  An alternative and more formal derivation of the results and some additional discussion of the 
properties of the model are provided in the Appendix. 
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of Figure 1. The shaded area in Figure 1 represents the opportunity set available to the 

investor in the absence of a riskless asset, and the upper boundary of this set ABMD 

represents the set of efficient portfolios.11 An investor limited only to investments in risky 

assets whose preferences are summarized by the indifference map shown in Figure 1 

maximizes his expected utility by investing in portfolio B, which has expected return, 

! 

E ˜ R 
B( ) , standard deviation of return, 

! 

" ˜ R 
B( ) , and yields the investor a level of expected 

utility denoted by 

! 

I
1
. 

Portfolio B portrayed in Figure 1 represents an optimal solution to the portfolio 

problem only in the case where investment is restricted to risky assets. Let us now 

assume the existence of a risk-free asset F, yielding a certain future return 

! 

R
F
, portrayed 

                                                                                                                                                 
10  In Tobin (1958). 
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in Figure 1.12 An investor faced with the possibility of an investment in such a risk-free 

asset, as well as in a risky asset (or risky portfolio), can construct a combined portfolio of 

the two assets which allows him to reach any combination of risk and return lying along a 

straight line connecting the two assets in the mean standard deviation plane.13 Clearly, all 

portfolios lying below point M along ABMD are inefficient, since any point on the line 

! 

R
F
M  given by 

 

! 

E ˜ R ( ) = R
F

+
E ˜ R 

M( )" R
F

# ˜ R 
M( )

•# ˜ R ( ),     # ˜ R ( ) <# ˜ R 
M( )  

represents a feasible solution. Thus the investor may distribute his funds between 

portfolio M and security F such that his combined portfolio, call it P, yields him 

! 

E ˜ R 
F( ), 

! 

" ˜ R 
F( ), and maximum utility of 

! 

I
2

> I
1
.  In addition, if the investor can borrow as well as 

lend at the riskless rate 

! 

R
F
, the set of feasible portfolios represented by the line 

! 

R
F
M  

extends beyond point M. 

Under the assumptions outlined above we can see that all investors would hold 

portfolios lying on the line 

! 

RFMQ  in Figure 1 and thus would attempt to purchase only 

those assets in portfolio M and the riskless security F.14 The market for capital assets will 

therefore be out of equilibrium unless M is the “market portfolio,” that is, a portfolio 

                                                                                                                                                 
11  See Merton (1970a) for an analytic discussion of the properties of the efficient set. 
12  Such an instrument might be cash (yielding no positive monetary return), an insured savings account, 
or a non-coupon-bearing government bond having a maturity date coincident with the investor’s horizon 
date. In the latter case, of course, the investor can be assured of realizing the yield to maturity with 
certainty if he holds the bond to maturity. Since we have assumed the investor will not change his portfolio 
in the interim period, any intermediate fluctuations in price do not present him with risk. We are ignoring 
the problems associated with changes in the general price level and shall continue to do so in the remainder 
of the paper. 
13  Cf. Tobin (1958). 
14  This is Tobin’s well-known separation theorem.  Ibid.  
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which contains every asset exactly in proportion to that asset’s fraction of the total value 

of all assets. In equilibrium, all investors who select ex ante efficient portfolios will have 

mean standard deviation combinations which lie along the line 

! 

RFMQ , their individual 

location determined by their degree of risk aversion.  

Most important, however, is the result that in equilibrium the expected return on 

any efficient portfolio P will be linearly related to the expected return on the market 

portfolio in the following manner: 

 

! 

E ˜ R 
P( ) = R

F
+"# ˜ R 

P( ), (1a) 

where from the geometry of Figure 1 we see that 

! 

" = E ˜ R 
M
# R

F( )[ ] $ ˜ R 
M( ) . Our problem 

now is to derive the equation for the equilibrium expected returns on an individual asset 

j.15 If we let 

! 

hj  be the fraction of the investor’s portfolio invested in the jth asset and 

! 

1" hj#  the fraction invested in the riskless asset, the return on his portfolio P can be 

expressed as 

 

! 

˜ R P = hj" ˜ R j + 1# hj"( )RF . 

Further, as long as P is an efficient portfolio lying along the line 

! 

RFMQ  we can express 

! 

˜ R 
P
 

 

! 

˜ R 
P

="˜ R 
M

+ 1#"( )R
F
, 

where 

! 

˜ R M = X j" ˜ R j  is the return on the market portfolio, 

! 

Xj = hj hi"  is the fraction of 

the market portfolio invested in asset j, and 

! 

" = hj# . Letting 

! 

j
"
h  represent the optimal 

investment in the jth asset we can express the expected return and standard deviation of 

return for any investor’s optimal portfolio P (which of course is efficient) as 
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! 

E ˜ R P( ) = j
"

h# E ˜ R j( ) + 1$ j
"

h#( )RF =%E ˜ R M( ) + 1$%( )RF

           & ˜ R P( ) =

1 2

j
"

h k
"

h
k

#
j

#  cov ˜ R j ,
˜ R k( )[ ] =%& ˜ R M( )

 

where the last equality follows simply from the fact noted above that 

! 

˜ R 
P
 can be 

expressed as a linear combination of 

! 

˜ R 
M

 and 

! 

R
F
. 

Now, consider the rate of change of expected return (in equilibrium) in the 

investor’s optimal portfolio P as he increases the amount invested in any individual asset 

! 

hj  by decreasing the amount invested in the riskless asset. To do this we take the 

derivative of the investor’s preference 

! 

U E ˜ R 
P( )," ˜ R 

P( )[ ] with respect to 

! 

hj  and recognize 

that at the optimum the rate of change of utility must be zero, so at 

! 

hj = j
"
h  for all j we 

have 

 

! 

"U

"E ˜ R P( )
•
"E ˜ R P( )
"hj

+
"U

"# ˜ R P( )
•
"# ˜ R P( )
"hj

= 0  

Rearranging this and recognizing from Figure 1 and the arguments presented             

above that at the optimum the slope of the investor’s indifference curve 

! 

" #U #$ ˜ R 
P( )[ ] #U #E ˜ R 

P( )[ ]  must equal 

! 

" , the slope of the capital market line, we have 

 

! 

"E ˜ R P( )
"hj

= #
"$ ˜ R P( )
"hj

. 

Substituting for the derivatives obtained from the definitions of 

! 

E ˜ R 
P( )  and 

! 

" ˜ R 
P( )  into 

this expression we obtain 

 

! 

E ˜ R j( ) " RF = #
cov ˜ R j ,

˜ R M( )
$ ˜ R M( )

,  (lb) 

                                                                                                                                                 
15  I am indebted to John Long for this derivation. 
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where at the optimum, 

 

! 

"# ˜ R P( ) "h j = k
$

h
k

% cov ˜ R j ,
˜ R k( ) # ˜ R P( ) = cov ˜ R j , k

$
h

k

% ˜ R k( ) # ˜ R P( )
                   =  & cov ˜ R j ,

˜ R M( ) &# ˜ R M( )
 

since 

! 

k

"
h# k

˜ R =$
M

˜ R .  Solving (lb) for 

! 

E ˜ R j( )  then provides the desired result (1). 

Thus the equilibrium expected return on any asset16 is equal to the riskless rate of 

interest plus a risk premium given by the product of the market risk premium 

! 

"  and the 

risk of the jth asset as measured by 

! 

cov ˜ R j ,
˜ R M( ) " ˜ R M( ) . Although investors take the 

variance (or equivalently the standard deviation) of their portfolio returns as an 

appropriate measure of risk, these results imply that the appropriate measure of the risk of 

any individual asset is its covariance with the market portfolio, 

! 

cov ˜ R j ,
˜ R M( ) , and not its 

own variance, 

! 

2

" ˜ R j( ).  Diversification can eliminate most of the effects of an asset’s own 

variance on the variance (or standard deviation) of a portfolio17 but cannot eliminate the 

effects of an asset’s co-variances with all other assets in the portfolio. In addition, note 

that 

! 

cov ˜ R j ,
˜ R M( )  is proportional to the marginal impact of the jth asset on the standard 

                                                 
16  Alternatively (as demonstrated in the Appendix) one can conditions in terms of the price of each 
asset, 

! 

jV , at time 0 as express  the equilibrium 

    

! 

jV =
1

1+ FR

" 

# 
$ 

% 

& 
' E ˜ D 

j( ) () cov
j

˜ D , M
˜ D ( )[ ],  

where 

! 

E ˜ D 
j( ) is the total dollar payoff on asset j at time 1, 

! 

M
˜ D =

j
˜ D 

i=1

N

"  is the total dollar payoff on all assets 

at time 1, 

! 

cov
j

˜ D , M
˜ D ( )  is the covariance between the total dollar returns on asset j and the total dollar 

returns on all assets, and 

! 

" = E ˜ D 
M( ) # 1+ FR( ) MV[ ] 2

$ ˜ D 
M( )  is the market “price” per unit of risk. Thus the 

current equilibrium price of any asset is the certainty equivalent of the expected total dollar outcome at time 
1 (the term in brackets) discounted back to the present at the risk-less rate of interest. 
17  Note that the variance 

! 

2

" j
˜ R ( ) does affect 

! 

cov
j

˜ R , M
˜ R ( )  to some extent since 

! 

cov
j

˜ R ,
M

˜ R ( ) =  

! 

iX" cov
j

˜ R ,
i

˜ R ( )   and one of these N terms is 

! 

iX
2

" j
˜ R ( ) . Hence the effect is on the order of 

! 

1 N , and given 

positive dependence among most asset returns the effect of an asset’s own variance on its risk will be small 
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deviation of the market portfolio, i.e., 

! 

"# ˜ R M( ) "X j = cov ˜ R j ,
˜ R M( ) # ˜ R M( ), where 

! 

X j  is 

the weight that asset j receives in the market portfolio.18 Thus rewriting (1) in terms of 

! 

"# ˜ R M( ) "X j = cov ˜ R j ,
˜ R M( ) # ˜ R M( ) and defining 

! 

"  as 

! 

E ˜ R 
M( ) " R

F[ ] # ˜ R 
M( ) we see that 

in equilibrium the expected return on an asset is linearly related to its marginal 

contribution to the total risk to be borne by society, 

! 

" ˜ R 
M( ) . 

The main result of the original papers in this area is the demonstration that one 

can derive the individual’s demand function for assets, aggregate these demands to obtain 

the equilibrium prices (or expected returns) of all assets, and then eliminate all the 

individual utility information to obtain market equilibrium prices (or expected returns) 

solely as a function of potentially measurable market parameters.19 Thus the model 

becomes testable. In addition, the model may be used to address many important practical 

issues in a number of areas, including valuation theory, the determination of the “cost of 

capital,” corporate investment decisions, governmental cost benefit analysis, and the term 

structure of interest rates.20  

  3. Empirical tests of the asset pricing model 

Evidence from mutual fund returns.  

The Sharpe-Lintner asset-pricing model has received widespread attention in the 

literature in the past five years. Most of the early empirical evidence bearing on the 

                                                                                                                                                 

relative to the effects of the other 

! 

1" N  covariances. This is the essence of what are commonly called 
“portfolio effects.” 
18  Cf. Fama (1971; 1972). 
19  Cf. Appendix. 
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model did not represent direct tests, but rather emanated primarily from attempts to use 

the asset-pricing model to derive portfolio performance evaluation models. Treynor, 

Sharpe, and Jensen all derived such portfolio evaluation models and applied them to the 

historical evidence on mutual funds.21 The evidence presented by Sharpe and Jensen22 

indicated that the returns on open-end mutual funds were positively related to the 

covariance between the fund returns and the returns on a market index used as a proxy for 

the market portfolio. As such they provided some indications that the model as given by 

(1) showed potential promise as a description of the process generating the returns on 

assets (if one was willing to accept the hypothesis that mutual fund managers were unable 

to systematically select undervalued securities and did not generate excessively large 

expenses).  

Cross-sectional tests of the model.  

Most direct tests of the asset-pricing model have been of the cross-sectional form. 

The average returns on a cross-sectional sample of securities over some time period are 

regressed against each security’s covariance with a market index. Or, more commonly, 

equation (1) is rewritten as 

   

! 

E ˜ R j( ) = RF + E ˜ R M( ) " RF[ ]# j ,   (3) 

                                                                                                                                                 
20  See the following for applications of the model to these issues: Bailey and Jensen (1972), Black and 
Scholes (1970b), Fama (1971; 1972), Hamada (1969), Jensen and Long (1972), Long (1972a; 1972b), 
Merton (1970b; 1972), Mossin (1969), and Roll (1971c) 
21 See Treynor (1965), Sharpe (1966), and Jensen (1968; 1969), respectively. 
22  In Sharpe (1966) and Jensen (1968; 1969). 
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where 

! 

" j = cov ˜ R j ,
˜ R M( ) 2

# ˜ R M( )  is what we shall term the covariance (or “systematic”) 

risk of the jth asset. Thus the risk of any security is measured relative to the total riskiness 

of the market portfolio.23 The procedure is then to estimate the cross-sectional regression 

 

! 

R j = "
0
+ "

1

ˆ # j + ˜ e j   (4) 

where 

! 

ˆ " j  is obtained from the regression of a time series of individual security returns on 

an index used as a proxy for the market portfolio. The estimated coefficients 

! 

"
0
 and 

! 

"
1
 

obtained from the second-stage regression given by (4) are then compared to 

! 

R
F
 and 

! 

R 
M
" R

F
, respectively, for the time period under consideration. 

! 

R
F
 is usually taken to be 

the yield to maturity of a government bond, with maturity identical to the length of the 

time period under examination, and 

! 

R 
M

 is the average return on the market index over the 

period.24 

The first published direct test of the asset-pricing model was that of Douglas25 

who regressed the returns on a large cross-sectional sample of common stocks on their 

own variance and on their covariance with an index constructed from the sample. For 

seven separate five-year periods from 1926 to 1960, the average realized return was 

significantly positively related to the variance of the security’s returns over time but not 

                                                 
23  Note that if the market returns, as in returns on individual securities are linearly related to the 
     

! 

jt
˜ R = ja + jb Mt

˜ R + jt˜ u ,    (5) 
which is the familiar market (or diagonal model), and if the usual regression assumptions on (5) are 
satisfied (in particular that 

! 

cov jtu , itu( ) = 0, i " j ), then 

! 

j
" = jb .  Also if (3) is a correct description of the 

expected returns, then 

! 

jA  will equal 

! 

1"
j

#( ) FR . Cf. Fama (1968), Jensen (1969), and Black, Jensen and 

Scholes (1972) for discussions of these issues. While the sample estimates of 

! 

j
"  and 

! 

jb  are always 
identically equal, this does not imply that the true parameters 

! 

j
"  and 

! 

jb  are equal. They are equal only if 
the usual regression assumptions on (5) are satisfied, and the equilibrium asset pricing model implies 
nothing about this issue. Thus the “market” model and the asset pricing model, while often used jointly, are 
different models and the asset pricing model implies nothing about the validity of the market model. 
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to their covariance with the index of returns.26 These results appear to be inconsistent 

with the relation given by (l), since the variance term should have a coefficient of zero.  

Douglas also summarizes some unpublished results of Lintner’s that also appear 

to be inconsistent with equation (1). Lintner estimates equation (4) for a cross section of 

securities over the period 1954-1963. However, he also adds another variable, 

! 

2

" ˜ u j( )  (the 

variance of the residuals from the time-series regression given by (5)) to the cross-

sectional regression. This variance should add nothing to the covariance measure of risk 

incorporated in 

! 

" j  and therefore should have a zero coefficient in the regressions. In 

Lintner’s tests it did not. The coefficient on the residual variance was positive and as 

significant as the 

! 

" j  term (both having t values greater than six). In addition 

! 

ˆ " 
0
 was much 

greater than 

! 

R
F
 and 

! 

ˆ " 
1
 much less than 

! 

R 
M
" R

F
. 

Miller and Scholes27 review the theory and the Douglas-Lintner evidence and 

replicate the Lintner results on a different body of data. They confirm his results and then 

provide a detailed analysis of the possible econometric difficulties involved in estimating 

these relationships. For example, the biases introduced by various possible 

misspecifications of the estimating equation include (1) failure to account adequately for 

the riskless rate of interest, (2) possible nonlinearity in the risk-return relation, and (3) 

distortions due to heteroscedasticity. However, after explicit examination of these 

potential biases they conclude that none of them can explain the Douglas-Lintner results, 

which seem to indicate that an asset’s own variance is as important as (or perhaps even 

                                                                                                                                                 
24  Arithmetic averages of annual, quarterly, or monthly returns have generally been used for both 

! 

jR  
and 

! 

MR , but a number of authors have also used average continuously compounded rates as well. 
25  Douglas (1969). 
26  Ibid., p. 22. 
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more important than) the asset’s covariance or portfolio risk in determining its 

equilibrium price and expected return. 

Miller and Scholes also consider the biases which could be introduced by the 

variables used to approximate returns and risk in the analysis. They examine both 

theoretically and empirically the possible bias introduced by (1) measurement errors in 

the risk variable, 

! 

ˆ " j ; (2) the apparent correlation between the residual risk, 

! 

2

" ˜ u j( ) , and 

the covariance risk, 

! 

" j ; and (3) the utilization of an improper index as a proxy for the 

returns on the market portfolio. They conclude that measurement errors in 

! 

ˆ " j  and the ob-

served correlation between 

! 

2

" ˜ u j( )  and 

! 

ˆ " j  seem to contribute substantially to the 

Douglas-Lintner results--the former because of the attenuation bias caused by the 

measurement errors in 

! 

ˆ " j  and the latter because of the proxying effects of 

! 

2

" ˜ u j( )  for 

! 

ˆ " j . 

However, they conclude that the improper measurement of the market portfolio returns 

does not seem to be causing substantial problems, and that the other two sources of 

difficulty are not sufficient to account for all the observed deviations from the models. 

Miller and Scholes also investigate the possible difficulties which could be 

introduced into the empirical analysis by the presence of skewness in the return 

distributions and the resulting interdependence of sample moments. They show that these 

skew-ness effects could cause serious difficulties, and then demonstrate through Monte 

Carlo techniques that the combined effects of the measurement errors in 

! 

ˆ " j  and the 

skewness difficulties could in principle cause the Douglas-Lintner effects, even if the 

asset pricing model and market model were a completely accurate description of the 

                                                                                                                                                 
27  In Miller (1972). 
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process generating security returns. While their analysis does not allow us to conclude 

that the observed empirical results are entirely spurious, they have vividly illustrated 

many of the econometric difficulties involved in testing the model. As they conclude:28 

The check tests we have used are adequate to detect the presence of bias, 
but too indirect to provide reliable estimates of the “true” relations 
between risk and return; and certainly not to settle the issue of whether 
returns really are approximately proportional to nondiversifiable, 
covariance risk as certain interesting special-case versions of the mean-
variance model would suggest. Hopefully, however, more rapid progress 
in devising test procedures capable of answering these questions can be 
made, now that attention has been called to some of the hidden minefields 
along the way. 

Time-series tests of the model.  

Black, Jensen, and Scholes (B-J-S)29 present some additional tests of the Sharpe-

Lintner asset pricing model. Most previous studies used cross-sectional tests of a form 

similar to (4). B-J-S derive a time-series test using procedures similar to those employed 

by Jensen30 in the evaluation of mutual fund performance. They argue that if the market 

model and the asset pricing model are both valid the ex post returns on securities will be 

generated by31  

 

! 

jt
˜ R = FtR 1"

j#( ) +
j# Mt

˜ R + jt˜ e    (6) 

If we subtract 

! 

Ft˜ r  from both sides of equation (6) and use primes to denote differences 

between the return on any asset and the riskless rate we obtain 

                                                 
28  Ibid. 
29  In Black (1972). 
30  In Jensen (1968). 
31  Note that the jump from (3), which is stated in terms of expectations to (6), which is stated in terms of 
realized observations, is a non-trivial step. The conditions under which this ex post formulation of the 
model are valid are discussed in detail in Fama (1968), Jensen (1969), and B-J-S (1972). As we shall see 
below some such ex post formulation appears to be valid.  
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! 

jt" ˜ R =
j#

Mt" ˜ R + jt˜ e  (7) 

which asserts that the realized risk premium on any asset for any time period is 

proportional to the realized premium on the market portfolio for that time period plus a 

random error term with zero expectation. The model can be tested by running the time-

series regression given by (7) but allowing a constant term 

! 

j"  to enter: 

 

! 

jt" ˜ R = j# j+$
Mt" ˜ R + jt˜ e    (8) 

If the asset pricing model is valid, the intercept 

! 

j"  in (8) will be zero. Thus a 

direct test of the model can be obtained by estimating (9) for a security over some time 

period and testing to see if 

! 

j"  is significantly different from zero.32 While this test is 

simple, it is inefficient to the extent that it makes use of information on only a single 

security. In order to solve this problem B-J-S perform their tests on portfolio returns over 

the period 1931-1965, where the portfolios are constructed so as to maximize the 

dispersion of their systematic risk.33 They apply their tests to ten portfolios which contain 

all securities on the New York Stock Exchange in the period 1931-1965. The results 

indicate that the 

! 

" ’s are non-zero and are directly related to the risk level, 

! 

" . Low risk 

                                                 
32  Measurement error in the estimate of 

! 

j
"  causes severe difficulties with bias in the cross-sectional  

tests of the model. If 

! 

j

ˆ "  in (4) contains an unbiased measurement error 

! 

˜ " , the large sample regression 

estimate of 

! 

j
"  in (4) is 

     

! 

plim
1

ˆ " = 1
"

1+
2

# ˜ $ ( )
2

S j
%( )

,  

where 

! 

2

" ˜ # ( )  is the measurement error variance and 

! 

2

S j
"( )  is the cross-sectional sample variance of the true 

risk parameters,  

! 

j
" . Thus even for large samples, as long as 

! 

2

" ˜ # ( )  is positive, the estimated coefficient, 

! 

1
ˆ " , will be biased toward zero and 

! 

0
ˆ "  will be biased away from its true value, 

! 

FR . However, this 
measurement error in 

! 

j
"  introduces no bias whatsoever in the time-series test obtained from (8). 

33  As B-J-S point out, it is important to construct the portfolios in a manner which avoids the 
introduction of selection bias. This can be accomplished by simply enters into the avoiding the use of any 
data for constructing the portfolios which calculation of the portfolio returns used in the test regressions. 
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(i.e., low 

! 

" ) securities earn significantly more, on the average, than that predicted by the 

model 

! 

" < 0( )  and high risk securities earn significantly less, on the average, than that 

predicted by the model 

! 

" < 0( ) .34 These results are consistent with those found by 

Douglas-Lintner and Miller-Scholes regarding the slope and intercept of the cross 

sectional relationship between average returns and 

! 

" , but there is little indication that the 

residual variance 

! 

2

" ˜ e ( ) contributes much to an explanation of the mean portfolio 

returns.35 While the evidence indicates that the risk parameters, 

! 

j" , are fairly stationary 

through time there is substantial indication that the intercepts (the 

! 

" ’s) are not; a point to 

which we shall return below. All in all this evidence seems to indicate that the Sharpe-

Lintner model in its most elementary form does not provide an adequate description of 

the structure of security returns. 

                                                 
34  It should be emphasized that these statements apply to the averages and not to the results for every 
subperiod.  Indeed, as we shall see, for some subperiods the exact opposite results hold. 
35  The cross-sectional squared correlation between 

! 

jR  and 

! 

j
"  for the period 1931-1965 for the ten 

portfolios (see Figure 2) was 0.9914. This increased to 0.9916 when the residual variance, 

! 

2

" je( ) , from (8) 

was also included in the regression. The estimated regression was 

  

! 

jR = 0.0039 + 0.0102
j

" + 0.9706 2

# je( ),   
j

" = 1.007, s "( ) = 0.3380

      (0.0004)  (0.0004)     (0.3577)           2

# je( ) = 0.0004, s 2

# e( )( ) = 0.0004
 

While the coefficient on 

! 

2

" je( )  has a t value of 2.71 it explains very little of the mean returns, since the 

mean of 

! 

2

" j˜ e ( )  is only 0.0004 and its variance is only (0.0004)2. Thus while the variable may be 

statistically significant, its economic significance is virtually nil since 

! 

jR  is on the average equal to 0.0142, 

or roughly 35 times larger than the average contribution of 

! 

2

" j˜ e ( )  to the portfolio returns. However, from 

one point of view this may not be the relevant test of the significance of the non-covariance risk in 
explaining security returns. Unless the market model holds exactly, there is no simple direct relationship 
between the residual variances of the individual securities and the residual variance of the portfolio in 
which the securities are contained. Thus one could argue that if there were a significant relationship 
between the residual variance and return on individual securities this relationship might well become 
masked by the portfolio grouping procedures and the use of 

! 

2

" e( )  for the portfolio in the cross-sectional 

regression summarized above. The fact that this might occur only serves to highlight how theoretically 
implausible are the effects of non-co-variance risk since portfolios (in the form of open- and closed-end 
mutual funds and even diversified companies themselves) are possible investment vehicles, and a system in 
which these assets are valued differently from single asset claims seems extremely unnatural. We shall see, 
however, that Fama and MacBeth (1972) provide an alternative test of the Douglas-Lintner hypothesis 
using the individual security residual variances and obtain similar results. 
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A two-factor random coefficient model.  

B-J-S go on to demonstrate that the process generating the returns on individual 

securities seems to be well represented by a two-factor model of the form 

 

! 

jt
˜ R = 1"

j
#( ) Zt

˜ R +
j

# Mt
˜ R + jt˜ e   (9) 

where 

! 

Zt
˜ R  represents the return on what they have called the “beta factor,” and the other 

variables are as defined earlier. We consider some alternative (and as yet untested) 

theoretical justifications for this formulation in Section 4 and concern ourselves here only 

with the empirical results. Rearranging (9) into the cross-sectional regression form given 

by (4) we see that the coefficients 

! 

0
"  and 

! 

1
"  in (4) now become random and are given by 

! 

0t
˜ " =

Zt
˜ R  and 

! 

1t
˜ " =

Mt
˜ R # Zt

˜ R  where the 

! 

Zt
˜ R  and 

! 

Mt
˜ R  are the values of the returns on the beta 

and the market factors over the holding period of interest. 

 
B-J-S show that if (9) is the process generating asset returns, the cross-sectional 

tests of the model will provide grossly misleading significance levels of the departures of 
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the data from the model. The reason for this is quite simple. If (9) held where the returns, 

! 

˜ R j  and 

! 

˜ R 
M

, are stated in terms of the risk premiums, and if 

! 

E ˜ R 
Z( ) = 0 , then (3) or (7) 

would provide an accurate description of the unconditional expected returns on an asset. 

Thus a slightly modified version of the Sharpe-Lintner model would be consistent with 

(9) if 

! 

E ˜ " R 
Z( )  were zero. However, for a particular cross-section 

! 

Zt
˜ R  will be a constant. 

Thus if one runs the cross-sectional regression given by (4) in risk premium form, the 

intercept 

! 

0
"  will be equal to 

! 

˜ " R 
Zt

 (or if the time interval is over more than one period 

! 

" R 
Z
, 

where 

! 

" R 
Z
 is the mean value of 

! 

˜ " R 
Zt

, over the period). The crucial issue is whether or not 

the mean, 

! 

˜ " R 
Z
, is equal to zero, and the regression test of the significance of 

! 

0
"  for a single 

cross section cannot address this question. The usual tests of significance provide a test of 

whether 

! 

0t
˜ "  for a particular cross section is equal to zero and not whether 

! 

E
0

˜ " ( )  or 

equivalently 

! 

E ˜ R 
Z( )  is equal to zero. The usual cross-sectional tests will not incorporate 

the variability of 

! 

Zt
˜ R  through time. The time series tests of B-J-S described above avoid 

these difficulties and correctly incorporate the variability of the 

! 

Zt
˜ R  over time in the 

significance tests. As we shall see below Fama and MacBeth36 provide an alternative way 

of testing the significance of the difference between the average value of 

! 

0t
"  and zero, 

which is the crucial comparison to be made. 

B-J-S also show how grouping procedures can eliminate most of the difficulties 

associated with the biases introduced by measurement errors in the 

! 

j
"  in the cross-

sectional tests. Figure 2 summarizes the cross-sectional relationship between the average 

                                                 
36  Ibid. 
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excess returns, 

! 

˜ " R j  and 

! 

" ’s for their ten portfolios (denoted by X’s) over the 35-year 

period 1931-1965. The symbol �  denotes the mean excess return, 

! 

M
˜ " R , and risk (1.0) for 

the market portfolio estimated by the average excess returns on all securities on the New 

York Stock Exchange. If the asset-pricing model were valid the relationship should be 

linear and have an intercept of zero, as equation (7) implies. As can be seen from Figure 

2 the relationship is amazingly linear but the intercept is positive and the slope is less 

than predicted.37  From the examination of these cross-sectional relationships between 

risk and return for 17 subperiods of length 24 months and 4 subperiods of length 105 

months it appears that on the average the relationship is highly linear, but the intercepts 

(and slopes) fluctuate randomly from period to period and are often negative. However, 

as B-J-S argue, these “nonstationarities” are consistent with the return generating process 

described by the two-factor mode138 of equation (9), which implies that the intercept and 

slope in the cross-sectional regression given by (4) will be 

! 

R 
Z
 and 

! 

R 
M
" R 

Z[ ], where the 

bars denote sample means over the time period covered by the cross section. Since 

! 

R 
Z
 

will also be a random variable, equation (9) is consistent with the observed empirical 

results. Because of the existence of sampling error the intercept in the cross-sectional 

regression given by (4) would not always be identically equal to the riskless rate even if 

the Sharpe-Lintner model were correct. However, B-J-S argue that the fluctuations in the 

estimated intercepts 

! 

0
˜ "  and slopes 

! 

1
˜ "  from cross-section to cross section are far greater 

than that which could be expected from the sampling error associated with the stochastic 

                                                 
37  It should be equal to 

! 

M" R = 0.0142 but it is 0.0108. The standard errors are given in the upper left-
hand corner of Figure 2, but the reader should beware of using them to make significance tests for the 
reasons outlined above. 
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error term 

! 

j˜ e  in (4) alone. The standard deviation of this sampling error is far too small to 

explain the large fluctuations in the coefficients. Thus B-J-S hypothesize that the process 

generating the data is a two-factor model of the form given by (9). 

B-J-S also provide a tentative procedure for estimating the time series of returns 

on the beta factor and demonstrate the nonstationarity of its mean 

! 

E ˜ R 
Z( )  over the period 

193l-1965. These findings are consistent with the observed nonstationarity of the 

intercepts 

! 

j"  in the time series tests, since for any particular time period 

! 

j"  in the time 

series regression, (8) will be equal to 

! 

R Z 1" j
#( ) . 

Jacob39 in work which is similar in several respects to that of B-J-S also 

documents the nonstationarity of the risk-return relationship and the inadequacy of the 

simple form of the Sharpe-Lintner model. Her data include 593 securities listed on the 

NYSE and covers the period 1946-1965. The results reported by Friend and Blume40 on 

the behavior of measures of portfolio performance also appear to be consistent with the 

B-J-S results and the two-factor model. 

A four-factor random coefficient model.  

Fama and MacBeth (F-M),41 in a paper extending the B-J-S work, have found that 

a four-factor random coefficient model of the form 

 

! 

jt
˜ R =

0t
˜ " +

1t
˜ " 

j
# +

2t
˜ " 

j

2

# +
3t

˜ " j$ u( ) jt+˜ e  (10) 

                                                                                                                                                 
38  As we shall see below, relaxation of certain of the assumptions of the simple model lends some 
theoretical support to the two-factor model given by equation (9). 
39  Jacob (1971). 
40  In Friend (1970). 
41  Fama (1972). 
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seems to fit the data better than the simple two-factor linear model postulated in the B-J-S 

study. 

! 

j
"  is as defined before, 

! 

0t
˜ "  plays the role of 

! 

Zt
˜ R  in the B-J-S notation, 

! 

j

2

"  is the 

average of the 

! 

2

"  for all individual securities in portfolio j and 

! 

j" u( )  is the average of the 

residual standard deviations from (5) for all securities in portfolio j. The F-M tests were 

carried out on 20 portfolios constructed from all securities on the NYSE in the period 

January 1935-June 1968. Like those of B-J-S, the portfolio construction rules used by    

F-M were designed to minimize the measurement error bias problems in cross-sectional 

estimates of the coefficients 

! 

0t
˜ " , 

! 

1t
˜ " , 

! 

2t
˜ " , and 

! 

3t
˜ "  in (10). The F-M test procedures are 

based on an examination of the time series of the coefficients in (10), estimated from 

cross-sectional regressions for each month in the time interval January 1935-June 1968. 

They focus on three major implications of the equilibrium properties of the Markowitz 

mean-variance portfolio model (or in F-M’s terms the two-parameter portfolio model): 

(Hl) The risk-return relationship should be linear. 

(H2) No measure of risk in addition to 

! 

"  should be systematically related to 

expected returns. 

(H3) The expected return-risk tradeoff should be positive. 

(Hl), (H2), and (H3) imply respectively that 

! 

E
2t

˜ " ( ) = 0 , 

! 

E
3t

˜ " ( ) = 0 , and 

! 

E
1t

˜ " ( ) > 0 . 

F-M also test the implications of the traditional Sharpe-Lintner model which says 

(H4) 

! 

E
0t

˜ " ( ) = R
Ft

 

In addition they provide tests of the proposition that each of the period-by-period 

coefficients are equal to zero, 

! 

0t
˜ " =

1t
˜ " =

2t
˜ " =

3t
˜ " = 0, and the implication of capital market 

efficiency that each of the coefficients must behave as a martingale or fair game through 

time. The latter requirement derives from the fact that, if they did not behave as a fair 
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game, there would exist trading rules based on the past values of the 

! 

˜ " ’s which would 

yield above normal profits--a violation of the efficient markets hypothesis.42 

From an examination of the average values and t statistics for the estimated 

coefficients 

! 

ˆ "  from (10) for the entire period and for various five year subperiods, F-M 

conclude that the data are consistent with the three major implications of the mean-

variance portfolio model (Hl)--(H3). The t statistics are defined as 

 

! 

t ˆ " ( ) =
ˆ " 

s ˆ " ( ) n
 (11) 

where 

! 

ˆ "  and 

! 

s ˆ " ( ) are the average and standard deviation of the time series of monthly 

coefficients and n is the number of months in the period used to calculate 

! 

ˆ "  and 

! 

s ˆ " ( ). 

The average values of 

! 

2
ˆ "  and 

! 

3
ˆ "  are generally small and insignificantly different from 

zero. F-M also confirm the B-J-S results that 

! 

E
0t

˜ " ( ) does not equal 

! 

R
Ft

 (or in the B-J-S 

terminology 

! 

E ˜ R 
Zt( ) " R

Ft
), and therefore (H4), the simple Sharpe-Lintner hypothesis, is 

inconsistent with the data. 

The F-M tests of the period-by-period values of the 

! 

jt
˜ "  indicate, however, that 

while we cannot reject the hypothesis that 

! 

E
2t

˜ " ( ) and 

! 

E
3t

˜ " ( ) equal zero, we can reject the 

hypothesis that 

! 

2t
˜ "  and 

! 

3t
˜ "  equal zero in each month. Therefore while there are no 

“systematic” nonlinearities in the risk-return relationship and no “systematic” effects of 

non-portfolio risk on security returns, such effects do materialize in a random fashion 

from period to period. That is, the data indicate that 

! 

j

2

"  and 

! 

j" u( )  do help in explaining 

the period-by-period returns on securities, although their explanatory power, while 

                                                 
42  Cf. Fama (1970a). 



M. C. Jensen 24 1972 

 

significantly different from zero, is small in an absolute sense. The average adjusted 

coefficient of determination in the 402 monthly cross-sectional regressions from l/35 to 

6/68 increases from .29 to .34 with the addition of these last two factors. Furthermore, 

knowledge of these effects is of no help to the investor since the coefficients themselves 

behave as a fair game through time. Thus, the investor can apparently do no better than to 

act as if the two-factor model suggested by B-J-S is valid. 

Unfortunately, while we now have a better idea of the nature of the stochastic 

process generating asset returns, we as yet have no real theoretical understanding of these 

effects. We shall argue below that there are a number of possible theoretical justifications 

for these random elements, but as yet few of them are thoroughly tested. As Fama and 

MacBeth themselves conclude: 

What we have found . . . is that there are variables in addition to 

! 

j
"[ ]  that 

systematically affect period-by-period returns. Some of these omitted 
variables are apparently related to 

! 

j

2

" [ ]  and 

! 

j" u( )[ ] . But the latter are 

almost surely proxies since there is no economic rationale for their 
presence in a stochastic risk-return model . . . . In sum, our results support 
the important testable implications of the two-parameter portfolio model. 
We cannot reject the hypothesis that the pricing of common stocks reflects 
the attempts of risk-averse investors to hold efficient portfolios. On 
average there seems to be a positive tradeoff between return and risk, with 
risk measured from the portfolio viewpoint. In addition, although there are 
“stochastic nonlinearities” from period-to-period, on average their effects 
are zero and unpredictably different from zero from one period to the next. 
Thus we cannot reject the hypothesis that in making a portfolio decision, 
an investor should assume that the relationship between an asset’s 
portfolio risk and its expected return is linear, as implied by the two-
parameter model. We also cannot reject the hypothesis of portfolio theory 
that no measure of risk, in addition to portfolio risk, systematically affects 
average returns. Finally, the observed “fair game” properties of the 
coefficients and residuals of our risk-return regressions are consistent with 
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an efficient capital market-that is, a market where prices of securities fully 
reflect available information.43 

 

4. Extensions of the mean-variance asset pricing model 

The evidence seems to indicate fairly strongly that the simple version of the asset-

pricing model as described in Section 2 and the Appendix does not provide an adequate 

description of the process determining common stock returns. The existence of the 

second, third, and fourth factors documented by B-J-S and F-M indicate that the nature of 

the process determining security returns through time is quite complex and not at all well 

understood at the current time. The mere documentation of the existence of a second 

factor and stochastic nonlinearities in the absence of any real theoretical understanding of 

the phenomena leaves us in an unsatisfactory state of affairs. In light of this we turn to a 

closer examination of the theory in search of results which may provide some additional 

insight into the nature of these phenomena. 

Virtually every one of the seven major assumptions (listed in Section 2) upon 

which the asset-pricing model is constructed violates to some degree the conditions 

observed in the world around us. In attempts to enrich the theory a number of authors 

have worked on expanding the model by relaxing the seven major assumptions in various 

ways. The results have indicated that from a theoretical point of view the theory is fairly 

robust with respect to violations of these assumptions, since many of them are not crucial 

for the development of the important results of the model. It also appears that some of the 

                                                 
43  Fama (1972). 
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extensions of the theory may have in them the seeds of a more complete understanding of 

the full complexities of the capital markets. 

The single-period utility of terminal wealth assumption. 

The assumption that all investors are single-period expected utility of terminal 

wealth maximizers is clearly erroneous. However, Fama and Long44 have shown that one 

can, with little additional difficulty, include the current consumption decisions of 

investors in the model. That is, the investor’s decision is characterized by the 

simultaneous choice of consumption level and portfolio composition. In addition, Fama45 

provides an analysis of the multi-period consumption-investment problem and a 

justification for the single-period utility of consumption and terminal wealth model.  

Fama argues that the investor’s problem is more accurately stated as the 

maximization of his expected lifetime utility of consumption, 

! 

"+1U , i.e. : 

 

! 

E "+1U 1 # kc ,  . . .,  
1c ,  . . .,  "#1c "+1

$( )[ ]   

where 

! 

tC =
1 " kc ,  . . .,  

1c ,  . . .,  tc( )  is the dollar value of consumption from the beginning 

of his life, period 

! 

1" k , through period t. The consumer dies46 at the beginning of period 

! 

" +1, 

! 

c" + 1  is his bequest, and 

! 

"# + 1  is the “state of the world” at 

! 

" +1 which signifies the 

set of all events that constitute history up to and including time 

! 

" +1. The consumer’s 

problem is to make an optimal consumption-investment decision for period 1 taking into 

account that decisions must also be made at the beginning of each future period (which, 

                                                 
44  In Fama (1970b; 1971) and Long (1970), respectively. 
45  In Fama (1970b). 
46  As Fama demonstrates, the assumption of known time of death is not crucial to the results. In an 
earlier version Fama (1969) demonstrates that the model can be expanded to allow for the existence of 
random labor income and for the individual’s choice between labor and leisure in each period. 
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of course, will depend on future events). Using the backward optimization of dynamic 

programming, Fama obtains the recursive relation for all possible states of the world 

! 

"t  

and wealth levels, 

! 

wt  as 

 

! 

tU t"1C , tw t
#( ) =

t ,Hc
max  

t+1
# t+1U tC , t+1w t+1

#( )
t

#dF t+1
#( )$   (12)  

subject to the constraints 

 

! 

0 " tc " tw  

 

! 

ih
i

" = tw # tc  

 

! 

H " 0  

where 

! 

t+1w = ih
i

" • iR t+1#( ),  is the investor’s wealth at time 

! 

t +1;  iR t+1
"( )  is the one-period 

per dollar return on asset i in state 

! 

t+1
" ,  H = 1h , 2h ,  . . ., nh{ } is the nonnegative vector of 

dollar amounts invested in each asset at the beginning of period 

! 

t +1;  0 is the null vector, 

and 

! 

t
F"

t+1"( ) is the distribution function of 

! 

t+1
"  given 

! 

t
" . Fama assumes that 

consumption goods and portfolio assets are perfectly divisible, there are no transactions 

costs, and all consumers are price-takers. The function 

! 

tU t"1C , tw t
#( )  is the maximum 

expected utility of lifetime consumption obtainable if the consumer is in state 

! 

t
"  at time t, 

his wealth is 

! 

wt , his past consumption was 

! 

t"1C , and he makes optimal consumption-

investment decisions at time t and in all future periods. 

Fama proves that if the utility of lifetime consumption function 

! 

"+1U "+1C "+1#( ) 

displays risk aversion, i.e., is monotone increasing and strictly concave in 

! 

"+1C  for all 

! 

"+1
# ), then for all t the derived utility functions given by (12) will have these properties. 

When the consumer makes a decision at time t, the past consumption pattern, 

! 

t"1
ˆ C , is 

known. Thus the decision at t can be based upon the function 
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! 

t+1V tc , t+1˜ w t+1"( ) = t+1U t#1
ˆ C , tc , t+1w t+1"( ),  (13) 

and since 

! 

t+1V  is monotone increasing and strictly concave in 

! 

tc , t+1w( )  the function 

! 

t+1V tc , t+1w t+1"( ) has the properties of a risk averter’s single-period utility of consumption 

and terminal wealth function for any given state of the world, 

! 

t+1
" . 

Note, however, that 

! 

t+1V  given by (13) does not quite provide a complete 

justification for the simple asset pricing model, since it allows the investor’s utility to be 

state dependent. Fama argues that such state-dependent utilities can arise from three 

possible situations: (1) tastes for particular bundles of consumption goods can be state 

dependent; (2) utilities for given dollars of consumption depend on the particular 

consumption goods available at each point in time and their prices, either or both of 

which may be state dependent; and (3) the investment opportunities available in any 

future period may depend on past events and this will induce state-dependent utilities. To 

justify the simple asset pricing model in the context of the multi-period problem it is thus 

sufficient to assume that consumers behave as if the future consumption and investment 

opportunities are given and that tastes are not state dependent. We can then eliminate 

! 

t+1
"  

from (13) and characterize the investor’s decision as the maximization of the expected 

value of 

! 

t+1V tC , t+1w( ) . Thus even though the consumer must solve a multi-period problem 

to arrive at his optimal current decisions, Fama’s results indicate that if he is risk averse, 

the consumer’s observed market behavior will be “indistinguishable from that of a risk-

averse expected utility maximizer who has a one-period horizon.“47 Note that 

! 

t+1V  is a 

                                                 
47  Fama (1970b), p. 164. Some confusion has arisen on occasion over the generality of Fama’s results, 
since he does not impose the separability conditions necessary for decomposition which Nemhauser (1966, 
p. 34ff), requires for utilization of the dynamic programming solution technique. Long (1972a) derives the 
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complicated function which depends on tastes for future consumption and on the 

consumption-investment opportunities that will be available in future periods. Hence, 

while Fama’s results do not provide an immediately useful normative rule for making 

consumption-investment decisions, they do provide a positive justification for the 

characterization of investor decisions as if they were made on the basis of a risk-averse 

single-period utility of consumption and terminal wealth function. 

In addition, Fama demonstrates that if 

! 

t+1V  is concave in 

! 

tc  and 

! 

t+1w  and the 

probability distributions are normal, investors can choose among alternative portfolios 

solely on the basis of mean and variance of returns.48 He also demonstrates that this result 

extends to a situation where all probability distributions are symmetric stable with finite 

mean. In this case, of course, the objects of choice are mean and a dispersion parameter, 

not mean and variance, since the variance is undefined for all stable distributions except 

the normal. Fama also shows that one can derive equilibrium conditions equivalent to 

those of the mean-variance form of the asset-pricing model in the context of symmetric 

stable distributions with finite mean. 

Merton49 derives the equilibrium conditions in a continuous-time version of the 

model, in which all investors are expected utility of lifetime consumption maximizers and 

                                                                                                                                                 

general class of utility functions satisfying these conditions, but, as he points out, they are not necessary in 
Fama’s approach. In fact, while decomposition vastly simplifies the calculations necessary to obtain a 
solution, it is not necessary to insure the optimality of Fama’s dynamic programming approach. See 
Bellman (1957), where Fama’s approach is discussed, and White (1969, p. 23ff). Essentially the issue boils 
down to one involving the definition of dynamic programming and need not concern us here. Also, it has 
recently come to my attention that Stigum (1969) appears to derive results similar to Fama’s for corporate 
decisions under uncertainty. 
48  Tobin (1958) provided the first proof of this proposition, but he ignored the consumption decision, 

! 

tc , 
in his analysis.  
49  In Merton (1970b; 1972). 
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returns are functions of Weiner processes. We return to his results and discuss their 

implications in somewhat more detail below. 

Finally, in a recent paper50 Long provides what is perhaps one of the most general 

treatments of the nature of equilibrium in a nonstate preference discrete time multi-period 

consumption-investment model to date. He assumes risk aversion on the part of 

consumers and makes no restrictions on the forms of the probability distributions of 

returns other than that the second moment must be finite.  Not surprisingly, it turns out to 

be impossible to get a directly testable equation like that of (1) without making some 

additional assumptions. Long does, however, provide a theoretical analysis of the nature 

of the equilibrium solution under various conditions and examines the comparative statics 

properties of the model in detail, including its implications for the term structure of 

interest rates. Of particular interest is his use of the model to demonstrate that risk 

aversion on the part of consumers does not imply the existence of positive liquidity 

premiums in the equilibrium term structure. Indeed, he illustrates an economy made up 

entirely of risk-averse consumers in which the equilibrium liquidity premiums are 

negative. The “risk” which determines the size and sign of the liquidity premiums is 

closely related to our usual notion of portfolio risk and in this case is the covariance 

between the single-period spot rates and the marginal utility of consumption for the 

corresponding future periods. 

                                                 
50  Long (1972a). 
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The existence of riskless borrowing and lending opportunities. 

Sharpe and Lintner51 originally assumed that the investor had available unlimited 

borrowing or lending opportunities at some exogenously fixed interest rate. Mossin52 

assumed the existence of a given quantity of a riskless asset (one whose future value was 

known with certainty) whose current price was also exogenously given. Long and Fama53 

have shown that the introduction of the consumption decision into the model along with 

the existence of a fixed quantity of a riskless asset (with short selling possible) allows the 

riskless interest rate to be determined endogenously. One plus the riskless rate will be 

equal in equilibrium to the marginal rate of substitution of future for present 

consumption. Thus the determination of the riskless rate can be brought into the model 

without changing any of the other results. 

The model with no riskless borrowing and lending 

In a world where there are no contracts denominated in real magnitudes, the 

presence of uncertainty regarding the general level of prices in the future precludes the 

existence of a riskless asset, Hence it is important to know to what extent the results of 

the asset pricing model are dependent on the assumption of the existence of such an asset. 

Fama54 demonstrates that given homogenous expectations, no riskless asset, and the 

ability to sell short all assets, the equilibrium return on any asset will be linearly related 

to its systematic (or covariance) risk, 

! 

" . Of course, in the absence of the existence of a 

riskless rate of interest we can no longer interpret the intercept (or constant) in the 

equation so easily as in (1) or (3). These results are consistent with the linearity of the 

                                                 
51  In Sharpe (1964) and  Lintner (1965a; 1965b), respectively. 
52  In Mossin (1966). 
53  In Long (1970) and Fama (1970b; 1971), respectively 
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empirical relationship between return and 

! 

"  documented by B-J-S, but they do not give 

us any way to determine the appropriate values of the slope or intercept 

! 

1
"  and 

! 

0
"  in the 

cross-sectional relationship given by (4). 

Black55 has demonstrated that one can obtain an equilibrium relationship between 

risk and return for all assets in a market in which no riskless asset or borrowing or 

lending opportunities exist (but there are no restrictions on short selling). He proves that 

in equilibrium the portfolios of all investors consist of a linear combination of two basic 

portfolios.56 While this point was recognized earlier,57 Black lends empirical content to 

the proposition by demonstrating that the equilibrium conditions imply that one of these 

two portfolios can be taken to be the market portfolio, M, and the other a portfolio whose 

returns have zero covariance with the market portfolio.58 This separation property derives 

from the fact that given no constraints on short selling, the entire efficient set of 

portfolios can be generated by a linear combination of these two portfolios,59 as is 

                                                                                                                                                 
54  In Fama (1971). 
55  In Black (1970). 
56  This separation property also holds for the mean-variance portfolio model, as was first pointed out by 
Tobin (1958). In this case, however, one of the two portfolios was the riskless asset. Cass and Stiglitz 
(1970) proved that the separation property also holds for two risky portfolios for certain classes of utility 
functions and general return distributions in the absence of a riskless asset. Lintner (1969) also investigates 
the nature of equilibrium in the absence of riskless borrowing or lending for the special case where all 
investors have preferences which exhibit constant absolute risk aversion and probability distributions are 
normal. 
57  See Sharpe (1970, Chapter 4). 
58  In addition, as Long (1971) has pointed out, this portfolio is, of all possible zero covariance 
portfolios, the one with minimum variance. Black (1970) has also shown that the Z portfolio has a 
covariance with every asset, j, which is proportional to 

! 

1"
j

#( ) . 
59  Merton (1970a) also examines this point. In fact the entire frontier of the opportunity set can be 
generated by linear combinations of any two distinct frontier portfolios. 
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demonstrated in Figure 3.60 The points Z and M represent respectively the standard 

deviation and expected returns on the zero beta and market portfolios, and since they are 

uncorrelated, all points on the convex set given by ZAMC can be obtained by various 

linear combinations of portfolios Z and M. If all funds are invested in portfolio Z, we 

obtain the risk-return combination given by Z, and as we reduce the fraction invested in Z 

and invest the remainder in M, we can obtain all points on the curve ZAM. At point M we 

have nothing invested in Z and hold only M. In order to move beyond M toward C we sell 

Z short and invest the proceeds in M. Note that all portfolios in the range AMC are 

efficient in the Markowitz sense. Each investor maximizes his utility by purchasing that 

combination of Z and M at which his indifference curve between expected return and 

standard deviation is just tangent to the efficient set (as is true for indifference curves 

! 

1U  

and 

! 

2U  for hypothetical investors 1 and 2). The equilibrium conditions imply that 

! 

E ˜ R 
Z( )  

must be less than 

! 

E ˜ R 
M( ) 61 and that the holdings of Z must net out to zero for all investors 

                                                 

60  As pointed out to me by W. F. Sharpe and as shown in Figure 3 the point

! 

E R 
Z( )  must be the intercept 

of a line tangent to the frontier at point M. To see this, note that the mean and standard deviation, 

! 

E R
P( )  

and 

! 

" R
P( ) , of a combined investment in Z and M are given by: 

     

! 

E R
P( ) ="E ˜ R 

M( ) + 1#"( )E ˜ R 
Z( )  

     

! 

" R
P( ) =

1 2

2

#
2

" M
˜ R ( )+

2

1$#( ) 2

" ˜ R 
Z( )[ ]  

where a is the fraction invested in the market portfolio M. The slope of the tangent line at point 

! 

M "#1( )  is 

given by 

           

! 

dE ˜ R 
P( )

d" ˜ R 
P( )

=

#=1

dE ˜ R 
P( ) $#

d" ˜ R 
P( ) $#

=
E ˜ R 

M( )% E ˜ R 
Z( )

" ˜ R 
M( )

,  

and since the line must pass through the point 

! 

E ˜ R 
M( )," ˜ R 

M( )[ ]  the intercept of the tangent line must be 

! 

E ˜ R 
Z( ) . 

61  A point originally proven by Long (1971) and also proven by Vasicek (1971). 
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as a whole. Black demonstrates that in equilibrium the expected returns on any asset will 

be given by 

 

! 

E ˜ R j( ) = 1"
j

#( )E ˜ R Z( ) +
j

# E ˜ R M( ) (14) 

where 

! 

E ˜ R 
Z( )  is the expected return on the zero beta portfolio. Note that the expected 

returns on all assets are still a linear function of their systematic or covariance risk and 

that (14) is almost identical to (3) except that 

! 

E ˜ R 
Z( )  plays the role of 

! 

R
F
, the riskless 

rate.  In addition Mayers62 demonstrates that if one includes consumption in the model, 

the expected per dollar returns on the zero beta portfolio will equal a weighted average of  

                                                 
62  In Mayers (1971). 
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the marginal rates of substitution of expected future consumption for present 

consumption for all individuals; a result which is directly analogous to that obtained for 

the determination of the riskless rate by Long.63 

It is also interesting to note that (14) bears a close relationship to the two-factor 

model suggested by B-J-S. In fact the model given by (9) bears the same relationship to 

(14) as the market model (5) does to (3), where in (5) 

! 

jA  is interpreted as equal to 

! 

1"
j

#( )RF . Thus (9) can be interpreted as a two-factor market model, where the expected 

values of the factors are defined by the equilibrium conditions of the asset pricing model 

in the context of no riskless borrowing or lending opportunities. 

The model with riskless lending but no borrowing 

While the above results are in many ways attractive, one might argue that 

assumptions have been taken too far. While the non-existence of perfectly certain real 

contracts is probably an accurate description of the world, one can argue that the 

uncertainty introduced by price level changes (at least over relatively short horizons) is 

infinitesimal. The existence of government bonds which are virtually default-free gives 

investors the opportunity to lend, if not to borrow, at a rate which is for all practical 

purposes certain. This suggests investigation of equilibrium in a system with riskless 

lending opportunities but no riskless borrowing opportunities. Vasicek64 and Black have 

demonstrated that the equilibrium risk-return relationships for individual risky securities 

correspond exactly to that given by equation (14). Their results also imply a piecewise 

linear relationship between expected return and 

! 

"  for efficient portfolios. 

                                                 
63  In Long (1970). 
64  In Vasicek (1971). 
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Given the existence of riskless lending but no riskless borrowing opportunities, 

the possible set of standard deviation and expected return combinations available to an 

investor is portrayed in Figure 4. The efficient set excluding lending opportunities is 

given by the line segment ATMC. The efficient set including optimal utilization of the 

lending opportunities is given by 

! 

R
F
TMC . Vasicek and Black prove that 

! 

R
F
" E ˜ R 

Z( ) < E ˜ R 
M( ) and that in equilibrium all investors will either hold combinations of 

portfolio T and the riskless asset (if they are on the segment 

! 

R
F
T ) or combinations of 

portfolios Z and M (if they are on the segment TMC). Portfolios M and Z are defined 

exactly as before, i.e., the market portfolio and the zero beta portfolio respectively, and T 

is a linear combination of these two portfolios. The expected return on every individual 

risky asset or portfolio of risky assets is still given by (14) and lies along the line 

! 

E ˜ R 
Z( )TMC  in Figure 5.  However, unlike the situation for the other models, equation 

(14) does not now hold for all efficient portfolios. In fact the expected return-

! 

"  

relationship for efficient portfolios is now given by the two straight-line segments making 

up 

! 

R
F
TMC  in Figure 5. All efficient portfolios which consist solely of risky assets lie 

along the portion TMC as in the previous models, but all efficient portfolios made up of 

combinations of the riskless asset and portfolio T now lie along the segment 

! 

R
F
T .65 This 

result becomes intuitively clear once one notes that if a fraction 

! 

"  is invested in portfolio 

T and 

! 

1"#( )  in the riskless asset, the 

! 

"  of the portfolio must equal 

! 

"
T
# . In addition, the 

                                                 
65  These results are entirely consistent with the fact pointed out by Fama (1971) that the risk of an asset 
must be measured in terms of its marginal contribution to the riskiness of some relevant efficient portfolio. 
If we have two efficient portfolios which are relevant to investor choices, it is not surprising that these 
results occur. However, the fact that the equilibrium expected returns on all risky assets can still be 
represented by a simple linear function of 

! 

"  like that given by (14) is interesting. 
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expected returns on the portfolio will equal 

! 

"E ˜ R 
T( ) + 1#"( )RF

, the weighted average of 

the returns on portfolio T and the riskless asset. Hence for all values of 

! 

"  in the range 

zero to one the portfolio must lie on the line 

! 

R
F
T  in Figure 5. However, all individual 

  

 
 

 

risky assets or imperfectly diversified portfolios must lie somewhere on the line 

! 

E ˜ R 
Z( )TMC , and hence those assets and inefficient portfolios with 

! 

j
" <

T
"  will appear to 

dominate the efficient portfolios lying on the segment 

! 

R
F
T  in the mean-beta plane in 

Figure 5. But of course they do not dominate these efficient portfolios in the mean-

standard deviation plane, as illustrated in Figure 4. 
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Since 

! 

E ˜ R 
Z( )  must be greater than or equal to 

! 

R
F
, the slope of the line 

! 

E ˜ R 
Z( )TMC  must be less than or equal to the slope of a hypothetical line drawn from 

! 

R
F
 

through M, which is the slope given by the simple asset pricing model (cf. equation (3)). 

Recall the B-J-S empirical results discussed earlier which were based on an examination 

of portfolios consisting entirely of risky assets. This model predicts that the empirical 

slope of the cross-sectional return-

! 

"  relationship found in such a study should be less 

than that implied by equation (3). If we can assume that for sufficiently long periods of 

time the sample averages 

! 

R 
M

 and 

! 

R 
Z
 are fairly good proxy measures of the ex ante 

expectations, the B-J-S results are consistent with the predictions of this riskless lending 

but no riskless borrowing model over the period 1931-1965 the empirical slope was less 

than that predicted by equation (3) (cf. Figure 1), and this also was true for three of the 

four 105-month subperiods examined.66 

The model with differential riskless borrowing and lending rates 

Brennan67 derives the market equilibrium conditions assuming that investors can 

borrow and lend but only at differentia1 rates. He considers two cases: (1) all investors 

can borrow at a riskless rate 

! 

r
B
 and lend at a riskless rate 

! 

r
L
 and 

! 

r
B

> r
L
, and (2) each 

investor, i, faces different riskless borrowing and lending rates and 

! 

r
Bi

> r
Li

. In both cases, 

Brennan finds that the relationship between an asset’s expected return and risk (as 

                                                 
66  Interestingly enough, in the last subperiod, April 1957-December 1965, the empirical slope was 
slightly negative, which is inconsistent with this model. However, this might be explained by the 

hypothesis that the observed 

! 

R 
M
 and 

! 

R 
Z
 did not adequately represent the ex ante expectations, 

! 

E ˜ R 
M( )  and 

! 

E ˜ R 
Z( ) .  Recall also the qualifications noted in Section 2 regarding the interpretation of significance tests in 

these cross-sectional relationships. 
67  In Brennan (1971). 
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measured by 

! 

j
"  will be linear and identical to (14), the relation obtained by Black for the 

no riskless borrowing and lending case and by Vasicek for the riskless lending case. He 

demonstrates that the expected returns on the portfolio 2 will be equal to a weighted 

average of (1) the borrowing rates of borrowers, (2) the lending rates of lenders, and (3) 

the equivalent riskless rates (marginal rates of substitution) of individuals who neither 

borrow nor lend. Thus the Black-Vasicek results extend to the general case of differential 

borrowing and lending rates. 

In conclusion, it appears that the relaxation of the assumptions regarding the 

nature of riskless borrowing and lending opportunities in the original model yields 

implications which appear to be consistent with some of the observed discrepancies 

between the empirical results and the simple model documented by B-J-S but do not 

explain the third and fourth factors involving the nonlinearities and the residual risk 

components documented by F-M. 

The existence of nonmarketable assets.  

The original asset pricing results are based on the assumption that all assets are 

perfectly liquid. That is, all assets are marketable and there are no trans-actions costs. 

Casual observation indicates that this assumption is violated in reality. For example, most 

investors hold some claims on probability distributions of future income that are 

nonmarketable; i.e., they cannot sell these claims in current markets. Claims on labor 

income (“human capital”) represent one of the more important of such assets, but there 

are undoubtedly many more. Nonmarketable claims on the proceeds of assets held in trust 

and on the proceeds of governmental transfer payment programs such as social security 

payments are other examples. In addition, there are many physical assets, such as real 
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estate, for which transactions costs are relatively large. Hence it is important to know 

whether the relaxation of this assumption of perfect liquidity is crucial to any of the 

results of the model. It is usually quite difficult to analyze such problems in the context of 

transactions costs (where buying and selling prices differ), because of the discontinuities 

introduced into the analysis and the dependence of the solution on the initial distribution 

of resources. However, Mayers68 demonstrates that for the special case where two kinds 

of assets exist (perfectly liquid (marketable) and perfectly nonliquid (nonmarketable) the 

problem is tractable. 

Mayers considers a single-period world in which all investors can have claims on 

the two types of assets, and derives the individual’s demand function for marketable 

assets (which is a function of the covariance of the returns on the individual’s 

nonmarketable assets with all other assets). He aggregates these demand functions to 

obtain equilibrium conditions and shows that it is still possible to eliminate information 

about the individual’s utilities and to obtain the equilibrium relationship between the 

expected return of any asset and its covariance risk in terms of market parameters. His 

result is 

 

! 

E j
˜ R ( ) = FR + "cov j

˜ R , M

#˜ R + H

#˜ R ( ), (15) 

where 

 

! 

" =
E M

˜ R ( ) # FR

cov
M

˜ R ,
M

$
˜ R +

H

$
˜ R ( )

  

 

! 

  =
E M

˜ R ( ) " FR

MV
2

# M
˜ R ( ) + cov

M
˜ R ,

H

$
˜ R ( )

  

                                                 
68  In Mayers (1972). 
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is the “market price” per unit of risk, 

! 

H

"
˜ R  is the total dollar return on all nonmarketable 

assets, 

! 

MV  is the current total market value of all marketable assets, and all the other 

variables are as defined earlier except that the asterisks denote total dollar returns. 

Equation (15) is interesting in several respects, not the least of which is the fact that such 

a simple equilibrium relationship can be obtained even though investors face widely 

different efficient sets for their total portfolio opportunities (considering the total 

probability distribution of returns on marketable and non-marketable assets). Mayers 

demonstrates that even with homogeneous expectations, investors will hold widely 

different portfolios of marketable assets if the nature of the probability distributions on 

their non-marketable assets differs. One of the unappealing implications of the simple 

asset-pricing model is that the portfolios of risky assets held by all investors are identical 

in composition to one another and the market portfolio. This implication, which is clearly 

inconsistent with the actual portfolio holdings of investors, is not implied by this 

extended version of the model. 

In addition, note that (15) seems to be a fairly straightforward generalization of 

(l), where the risk of an individual asset is now measured as the covariance of its per 

dollar returns with the sum of the returns on the market portfolio and all nonmarketable 

assets (to allow for the proper weighting of the marketable and nonmarketable assets the 

returns on each are expressed as total dollar returns instead of per dollar returns). Note 

that 

! 

"  can still be interpreted as the market price per unit of risk as measured by the risk 

premium per unit of risk on the market portfolio. However, the risk of the market 

portfolio now involves not only its total variance but also its covariance with the returns 

on non-marketable assets. 
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Mayers shows that (15) is equivalent to the equilibrium risk-return relationship 

that can be derived under the assumption that all assets are marketable when the value 

and returns of only a subset of these assets (say, those securities listed on the New York 

Stock Exchange) are measured (or measurable). Under these conditions, equation (15) 

gives the risk-return relationship for all observed assets in terms of the risk premium on 

the observed market portfolio; i.e., we can interpret M in (15) as the observed market 

portfolio which is only a subset of the true market portfolio and H as the set of 

nonobserved, but marketable, assets. Thus the structure of asset returns given the 

existence of nonmarketable assets is identical to that which would be found if all assets 

were actually marketable but we could obtain only an incomplete measurement of the 

assets in the true market portfolio. In addition, Mayers69 shows that the essential nature of 

these results remains unchanged if there are no riskless borrowing or lending 

opportunities, except that 

! 

E ˜ R 
Z( )  plays the role of 

! 

R
F
 in the solutions where 

! 

˜ R 
Z
 is defined 

as the return on a portfolio which has zero covariance with the sum of the total dollar 

returns on the market portfolio and the total dollar returns on all nonmarketable assets. 

Mayers’ results indicate that the basic implications of the theory are not weakened 

in any major respect by the existence of non-marketable assets and in fact are 

strengthened, since the expanded model then does not imply that all investors hold 

identical pro-portions of all assets in existence. In addition, his results for the case in 

which some assets transactions costs are infinite provide some indication that the 

essential results of the model may hold in the context of finite transactions costs; but of 

course this conjecture remains to be documented. Mayers’ results also imply that the 

                                                 
69  In Mayers (1971). 
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problems introduced by the existence of nonmarketable assets are a generalization of 

those introduced by the incomplete measurement of 

! 

˜ R 
M

, and hence his work provides 

some additional insight into the nature of an ideal index of 

! 

˜ R 
M

 and the appropriate 

utilization of imperfect indexes in empirical work. It may be that the effects of 

nonmarketable and omitted assets will explain the third and fourth factors documented by 

Fama and MacBeth, but empirical evidence on this issue is at present incomplete. 

Differential tax rates on dividends and capital gains.  

The assumption that there are no taxes is obviously false as a description of 

reality. Brennan70 demonstrates under the assumptions of the simple model that the 

equilibrium price of an asset still can be expressed as a linear function of its systematic 

risk 

! 

j
"  even when investors face differential tax rates on dividends and capital gains if 

dividend yields are perfectly certain. He assumes that interest and dividend receipts are 

taxed at the personal income tax rate and that interest payments are tax deductible. His 

result is somewhat more complex than equation (3): 

 

! 

E j
˜ R ( ) = 2T FR + E M

˜ R ( ) " 1T M# " 2T FR[ ] j
$ + 1T j# .   (16) 

The major variables are defined exactly as before, and 

! 

j" = jD jV M  " = MD MV  are 

respectively the dividend yields on the jth asset and the market portfolio. The other 

values are 

 

! 

1T =
dT " gT

1" gT
  (17) 

 

! 

2T =
1" dT

1" gT
=1" 1T   (18) 

                                                 
70  In Brennan (1970). 
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where 

! 

dT  and 

! 

gT   are complicated averages of the marginal tax rates71 on dividends and 

capital gains respectively for all investors. If taxes on dividends are greater than the taxes 

on capital gains, 

! 

1T  and 

! 

2T  will both be positive. Thus the introduction of differential 

taxes on capital gains and dividends changes the intercept and slope of the equilibrium 

risk-return relationship and introduces a new variable, the dividend yield, into the 

determination of expected returns. However, neither the relevant measure of a security’s 

risk nor the linearity of the risk return trade-off (holding dividend yield constant) for 

individual assets is altered. Note also that the slope implied by (16) is less than that 

implied by the simple asset pricing model. In addition, the intercept is now 

! 

2T FR , which 

will be less than 

! 

FR  if the capital gains tax rate is less than the dividend rate. 

Furthermore, (16) implies that the higher is an asset’s dividend yield, the higher is its 

equilibrium before tax expected returns. This seems reasonable since, all other things 

constant, the after tax expected return would otherwise be lower the higher the dividend 

yield. 

Brennan examines the relationship between dividend yield and risk (as measured 

by 

! 

" ) for 100 portfolios constructed from all securities on the NYSE so as to maximize 

the dispersion of the dividend yields. He finds that yield and risk are strongly negatively 

correlated (the squared correlation coefficient was 0.59 over the 20-year period 1946-

1965). Brennan also estimates the cross-sectional regression 

 

! 

jR =
0
" +

1
"

j
# +

2
" j$ + je     (19)  

                                                 
71  The result holds even when the tax rates are progressive. 



M. C. Jensen 45 1972 

 

for the period 1946-1965 using a sample of 11 portfolios constructed from all the 

securities on the NYSE by procedures also designed to maximize the spread in the 

! 

j"  

among the portfolios. The coefficients and t values are: 

 

! 

0
ˆ " = 0.051

      1.89( )   

 

! 

1
ˆ " = 0.068

      3.58( )  

 

! 

2
ˆ " = 0.634

      3.69( )  

and the squared correlation coefficient is 0.65. Since the returns in (19) are defined as the 

excess returns above the riskless rate (estimated from 90-day Bankers Acceptances), 

! 

0
ˆ "  

should be zero and 

! 

1
ˆ "  should be equal to 

! 

1T  (cf. equation (16)). Using this result and the 

fact that 

! 

2T =1" 1T  (from (18)) Brennan calculates the theoretical value of 

! 

1
" = E

M
˜ R ( ) # 1T M$ # 2T FR[ ] to be 0.106, which appears to be insignificantly different from 

! 

1
ˆ " .72 

Note that 

! 

2
ˆ " , which is a complex weighted average of the marginal capital gains 

and dividend tax rates for all investors, falls between zero and one as it should. Brennan 

also uses instrumental variables procedures in an attempt to eliminate any biases in these 

results due to specification error and the proxying effects of 

! 

j"  for 

! 

j
"  (which are, as 

indicated earlier, strongly correlated). The results of these tests are virtually the same. 

Given his estimate of 

! 

1T =
2

ˆ " = 0.610  from the instrumental variables procedures and 

                                                 
72  However, as noted in Section 2, one must be careful about making literal interpretations of the 
significance levels obtained from such cross-sectional regressions. 
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Bailey’s estimate73 that the average effective tax rate on capital gains is less than 5 

percent, Brennan argues that to a rough approximation the results imply that the weighted 

average dividend tax rate was 63 percent over this period. He notes that this does not 

differ greatly from the direct estimates obtained by others for various times during his 

period, which range from 36 percent to 63 percent.74 On the basis of his regression 

estimates, Brennan concludes that tax effects on asset yields are important and that his 

model fits the observed data better than does the simple model. 

Black and Scholes75 also consider the effects of dividend yields on the returns to 

common stocks. They argue that there is no a priori reason to expect the existence of 

differential taxes on dividends and capital gains to affect the expected returns of any 

asset. They argue that firms will find it in their best interest to adjust dividend payments 

so that there is nothing to be gained at the margin from either a reduction or an increase 

in the total supply of dividends. That is, if some assets sold at either a premium or at a 

discount (for equivalent risk levels) simply because they had a high dividend yield, other 

firms would act to eliminate the premium by increasing their dividends or the affected 

firms themselves could act to eliminate the discount by decreasing or eliminating their 

dividends. As long as firms are concerned only with the value of their shares and not with 

the dividend level per se there can be, in equilibrium, no differential values for 

equivalently risky assets based solely on a differential dividend yield; adjustment on the 

supply side will eliminate it. Of course, given that dividends are taxed at a higher rate 

than capital gains, one must assume that some investors prefer dividends to capital gains 

                                                 
73  In Bailey (1969). 
74  Cf. Brennan (1970). 
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in order to explain the payment of dividends by any corporation (ignoring constraints 

imposed by the Internal Revenue Service on the retention of earnings). Brennan does not 

confront this issue; instead he assumes the supply of dividends is fixed and thus prices 

need not be equated across differential yield categories by adjustments on the supply side. 

Black and Scholes test for the effects of dividends on security prices by using 

portfolios constructed by ranking securities on dividend yield and then, within a given 

yield class, ranking all securities on the basis of 

! 

j
" . They define the yield classes such 

that 20 percent of all securities on the NYSE in the period 1947-1966 are contained in 

each class and then divide each of these equivalent yield groups into five portfolios such 

that the spread on the 

! 

" ’s is maximized. When the Brennan cross-sectional regression 

(19) is run for these 25 portfolios, the coefficients and t values are 

 

! 

0
ˆ " = 0.0075

      7.0( )    

 

! 

1
ˆ " = 0.0028

      4.2( )  

 

! 

2
ˆ " = 0.0149

      1.3( )  

and the squared correlation coefficient is 0.46. Thus the intercept and the coefficient on 

! 

"  are “significant” while the coefficient on the dividend yield, 

! 

j" , is much smaller than 

that obtained by Brennan and “insignificant.” To avoid the problems with the 

interpretation of the significance levels of these cross-sectional tests, Black and Scholes 

construct a time-series test by combining all the securities into two portfolios by 

procedures designed to maximize the difference in the dividend yields on the portfolios 

                                                                                                                                                 
75  In Black (1970b). 
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while constraining the 

! 

"  of each to equal unity. The high yield portfolio has a yield of 

6.2 percent and the low yield portfolio, a yield of 4.9 percent. They then run the time-

series regression used by B-J-S (equation (8)) to test the asset pricing model. Recall that 

the intercept 

! 

j"  in that model should be zero and that B-J-S found that 

! 

j"  was in fact 

equal to zero for portfolios with a 

! 

"  of unity but not equal to zero for portfolios with a 

! 

"  

different from unity. However, if the dividend yield has an important influence on the 

total returns of securities, the 

! 

"  on a portfolio which does not have a yield equal to the 

average value for all securities will not be zero. Thus if dividend yields have an important 

influence on the returns of assets, as the Brennan model predicts, the intercept 

! 

"  in the 

time series regression given by (8) should be significantly positive for the high yield 

portfolio and significantly negative for the low yield portfolio. The coefficients and t 

values for the period 1947-1966 for the high yield portfolio are:76 

 

! 

jt" R = 0.00024 +1.000 Mt" R 
2

# = 0.984

        0.72( )    118.3( )
 

and for the low yield portfolio are: 

 

! 

jt" R = 0.00024 +1.000 Mt" R 
2

# = 0.984

        0.72( )    118.3( )
 

where 

! 

"  is the correlation coefficient. While the signs of the intercepts are consistent 

with the existence of tax effects, each is insignificantly different from zero, and they are 

insignificantly different from each other (since the standard deviation of the difference 

                                                 
76  Note that since Black and Scholes used the average excess monthly return on all their securities for 
the index 

! 

˜ " R 
M
 the symmetry of the coefficients is a necessary result of the construction of the test and has no 

economic connotation. 
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between them is equal to 1.44, because the residuals from the two regressions are 

perfectly negatively correlated by construction). 

Black and Scholes also measure the impact of dividend yields on security returns 

over several subperiods and over the period 193l-1946 with similar results. On the basis 

of this evidence they state:77 

The main conclusion of our analysis is that a dollar of dividends has the 
same value as a dollar of capital gains in the market. There are virtually no 
differential returns earned by investors who buy high dividend yielding 
securities or low dividend yielding securities once we control for the 
crucial risk variable. The demand for dividends is met by corporations 
who supply dividends and the end result is a market equilibrium in which 
the dividend factor is insignificant in magnitude. 

Thus it appears that the Black-Scholes results are inconsistent with the Brennan 

evidence for reasons that are not readily apparent. Future tests will undoubtedly be 

required to settle the issue. 

The model in continuous time.  

Black and Scholes and Merton,78 using a continuous time version of the simple 

form of the asset pricing model, demonstrate that the simple model given by equation (3) 

holds where the returns are defined over infinitesimally small time intervals. Their results 

imply that the equilibrium continuously compounded expected rate of return,79 

! 

E j˜ r ( )  

over any discrete interval for any asset j is given by 

 

! 

E j˜ r ( ) = j" + Fr +
j

# E M˜ r ( ) $ Fr[ ] (20) 

                                                 
77  Black and Scholes Black (1970b). 
78  In Black (1970a) and Merton (1970b; 1972), respectively. 
79  That is, 

! 

jr  is the natural logarithm of the wealth relative 

! 

jtP + jtD( ) jt+1P . Merton (1970b)also derives a 

version of the model with no riskless asset in continuous time; his results for instantaneous rates are 
equivalent to Black’s in (Black, 1970) for discrete time. 
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where, except for continuous compounding, all the returns and 

! 

j
"  are defined as before.80  

Note, however, that in addition to the continuous compounding (20) differs from (3) by 

the addition of the constant 

! 

j" , which is given by  

 

! 

j" =
1

2
j

# 2

$ M˜ r ( ) % 2

$ j˜ r ( )[ ]  (21) 

where 

! 

2

" M˜ r ( ) and 

! 

2

" j˜ r ( ) are respectively the variances of the continuously compounded 

returns on the market portfolio and the jth asset over the time interval of ‘observation.81 

Therefore, this model implies that returns should be defined and measured as 

continuously compounded rates82 and that the intercept is not necessarily equal to the 

riskless return. However, given the assumptions of the market model, 

 

! 

2

" j˜ r ( ) =
j

2

# 2

" M˜ r ( ) + 2

" j˜ u ( ) 

we see that 

 

! 

j" = #
1

2
j

$ #
2

j
$( ) 2

% M˜ r ( ) # 2

% j˜ u ( )[ ]  (22) 

where 

! 

ju  can be interpreted as the error term in the continuous time version of the market 

model given by (5). Substituting this result into (20), we see that the model implies the 

existence of a much more complicated equilibrium relationship than implied by any of 

the other models: 

 

! 

E j˜ r ( ) = Fr +
j

" E M˜ r ( ) # Fr +
1

2

2

$ M˜ r ( )
% 

& ' 
( 

) * 
 

                                                 
80  Cf. Merton (1970b). 
81  That is if the returns refer to monthly continuously compounded rates then the 

! 

2

" M˜ r ( ) and 

! 

2

" j˜ r ( )  are 

variances of the monthly rates. 
82  See also Jensen (1969). 
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! 

            "
2

# M˜ r ( )
2

2

j$ "
1

2

% 

& 
' 
( 

) 
* 2

# j˜ u ( )  (23) 

Moreover, the relation between risk and return is now nonlinear and involves the residual 

or nonportfolio risk, and is therefore consistent with the third and fourth factors 

documented by Fama and MacBeth. Note that (23) implies that 

! 

2

" j˜ u ( )  should be 

negatively related to the level of expected returns; an implication which is inconsistent 

with the slightly positive relationships described earlier83 and those reported by Lintner 

and Douglas, Miller and Scholes, and Fama and MacBeth.84 

To provide a quick and direct test of this model the following cross-sectional 

regression was run using the data on the ten portfolios utilized in the B-J-S paper 

discussed in Section 2: 

 

! 

j" r =
0
# +

1
#

j
$ +

2
#

2

j
$ +

3
# 2

% ju( ) + je  (24) 

                                                 
83  See note 35 above. 
84  See Douglas (1969), Miller (1972), and Fama (1972), respectively. 

Period Value

Estimated 0.00055 0.0161 -0.0066 2.129

Theoretical 0 0.0140 -0.0035 -0.500

Estimated -0.00884 0.0262 -0.0091 3.483

Theoretical 0 0.0214 -0.0106 -0.500

Estimated 0.00249 0.0143 -0.0041 0.804

Theoretical 0 0.0148 -0.0020 -0.500

Estimated -0.00286 0.0149 -0.0055 -3.924

Theoretical 0 0.0110 -0.0006 -0.500

Estimated 0.00092 0.0177 -0.0117 11.198

Theoretical 0 0.0090 -0.0007 -0.500

**        = squared correlation coefficient.

1/31-12/65

1/31-9/39

10/39-6/48

7/48-3/57

4/57-12/65 0.106 0.5020.795 0.0082 0.0015

* Cross-sectional regression estimates for equation (24) obtained from ten portfolios containing all securities on the NYSE in the 
period 1/31-12/65.  All Returns measured as continuously compounded monthly rates.  See equation (23) for the definition of the 
theoretical values of the coefficients.

0.339 0.467 0.281

1.102 0.938

0.734 0.0103 0.0013

0.378

0.539

-0.035 0.280 0.7130.899 0.0128 0.0041

Table 1

Regression Tests of the Continuous Time Model*

0.954 0.0105 0.0070 0.225 0.412 1.107 2.750

0.904 0.0108 0.0213 -0.894 0.240 0.143 1.95
! 

0"

! 

1"

! 

2"

! 

3"

! 

2**
#

! 

M
*

r 

! 

2
$ M˜ r ( )

! 

t 0"( )

! 

t 1
ˆ " % 1"( )

! 

t 2
ˆ " % 2"( )

! 

t 3
ˆ " +1 2( )

! 

2
#
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where 

! 

j" r = jr # Fr  is the average continuously compounded excess return on the jth 

portfolio. For these tests all returns were measured as continuously compounded monthly 

rates and the 

! 

" ’s were calculated using these rates. The results for the 35-year period 

1931-1965 and for four 105-month subperiods in this interval are presented in Table 1.85 

As can be seen, the coefficients 

! 

1
˜ "  for the entire period and the first two subperiods are 

close to their theoretical values. The values in the last two subperiods are much farther 

apart. While the t values are also presented in Table 1, their interpretation must be 

considered in light of the multicollinearity which exists. The variables 

! 

j
"  and 

! 

j

2

"  are  

highly correlated (

! 

2

"  greater than 0.98 in all cases). While this tends to cause the 

standard errors of estimate of the coefficients to be unreliable, it does not cause bias in 

the estimates of the coefficients themselves. Also of interest in Table 1 is the fact that 

! 

2
˜ " , 

the coefficient of 

! 

j

2

" , is about equal to its theoretical value in the first subperiod and 

roughly one-half its theoretical value for both the whole period and the second subperiod. 

In the last two subperiods it is considerably different from its theoretical value. Note also 

that 

! 

3
" , the coefficient of the residual variance, 

! 

2

" uj( ) , bears no relationship at all to its 

hypothesized value. It is positive in 3 out of 4 subperiods but should be equal to -0.5. 

Multicollinearity problems can be avoided by substituting from (21) into (20), subtracting 

! 

r
F
, and adding 

! 

1 2( ) 2

" ˜ r j( ) to both sides:  

 

! 

E j˜ " r ( ) + 1 2( ) 2

# j
˜ R ( ) =

j
$ E M˜ " r ( ) + 1 2( ) 2

# M˜ " r ( )[ ]   (25) 

Thus if we run the regression 

                                                 
85  Some of the numbers in Table 1 are somewhat different from those published in Jensen (1972b) due 
to a computer error which caused some of the earlier results to be incorrect. 
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! 

jr =
0

1 2( ) 2

" ˜ r j( ) = # +
1
#

j
$ + j˜ e , (26) 

the coefficients should be given by 

 

! 

0
" = 0  (27a) 

 

! 

1
" =

M# r + 1 2( ) 2

$ M˜ # r ( )[ ]  (27b) 

The regression estimates of (26) are given in Table 2; it is evident that the model does not 

fit the data. Every coefficient is significantly different from its theoretical value.86 

While the simple continuous time version of the model is attractive in many ways, 

these simple tests are not very favorable. However, much more can be done along this 

line and such work may well prove fruitful. 

 

Table 2 

Constrained Regression Test Of The Continuous Time Model*

Period Value

Estimated 0.00299 0.0112

Theoretical 0 0.0140

Estimated -0.00888 0.0308

Theoretical 0 0.0214

Estimated 0.00353 0.0115

Theoretical 0 0.0148

Estimated 0.00743 0.0036

Theoretical 0 0.0111

Estimated 0.01645 -0.0016

Theoretical 0 0.0087

0.950 -3.42

l/31-12/65 0.975 4.48 -4.68

0.617

7.82

10/39-6/48 0.956 3.86 3.75

l/31 -9/39

7.05 7.50

4/57- 12/65 0.416 16.46 17.0

7/48-3/57

**         = squared correlation coefficient.

*Regression estimates for equation (26) obtained from ten portfolios containing all securities 

on the nyse in the period l/31-12/65. See equation (27) for the definition of the theoretical 

values of the coefficients.          and                 are given in table 1.

! 

0"

! 

1"

! 

2**
#

! 

t 0"( )

! 

t 1
ˆ " $ 1"( )

! 

M
*

r 

! 

2
% M˜ r ( )

! 

2
#

 

                                                 
86  The 5 percent t value for 8 degrees of freedom is 2.31. 
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A three-factor model.  

Merton87 in the context of the continuous time intertemporal asset pricing model 

derives what we might call a three-factor model. The main point of the Merton paper is to 

show that any violation of the three conditions used by Fama88 to justify the single-period 

utility of terminal wealth model89 will almost certainly negate the simple form of the 

model. In particular he concentrates on shifting investment opportunity sets and derives 

an equilibrium model under the assumption that all such shifts can be characterized by 

changes in a single variable-the riskless interest rate. Merton demonstrates that under 

these conditions all investors will hold investments in three portfolios, not two.90 The 

three portfolios are: (1) the riskless asset, (2) the market portfolio M, and (3) a portfolio 

(or asset) N which is perfectly negatively correlated with changes in the riskless interest 

rate. Investors will demand shares of portfolio N in order to hedge against the effects of 

future unforeseen changes in the riskless interest rate. Merton also demonstrates that as 

long as investor consumption decisions are not independent of the level of 

! 

r
F
, the 

instantaneous expected return on the jth asset, 

! 

E ˜ r j( )  will be given by 

 

! 

E ˜ r j( ) = Fr + 1" E ˜ r M( ) # rF[ ] + 2" E ˜ r N( ) # rF[ ],  (28) 

where the “risk” measures are now 

                                                 
87  Merton (1972). 
88  In Fama (1970b). 
89  That is, consumption preferences, consumption opportunities (for given wealth), and investment 
opportunities must be independent of the state of the world. 
90  It is also interesting to note that in this model investors will not in general hold mean-variance 
efficient portfolios. This isn’t surprising, since the Fama (1970b) theorem regarding the reduction of the 
multi-period model to a single-period mean-variance model discussed above fails here precisely because 
one of its conditions is violated. Allowing the interest rate to change over time causes the investment 
opportunity set to be state-dependent. 



M. C. Jensen 55 1972 

 

 

! 

1" =
jM

# $
jN

#
NM

#

1$
NM

2

%
  

 

! 

2" =
jN

# $
jM

#
NM

#

1$
NM

2

%
 

 

! 

jk
" =

cov ˜ r j ,˜ r k( )
2

# ˜ r k( )
 

and 

! 

NM
"  is the correlation between the returns on the market portfolio M and the riskless 

rate N. Thus even if 

! 

jM
" , the usual definition of systematic risk, were 0, the expected 

returns on the asset would not be equal to the riskless rate, because the asset returns may 

be systematically related to changes in the interest rate 

! 

jN
" > 0( ) . 

There is some evidence that the bond market may not behave in quite the same 

manner as the equity market and the Merton model may provide some indication of the 

reasons for this.91 

Merton argues that in general the sign of 

! 

2"  in (28) will be negative for high beta 

assets and positive for low beta assets. Furthermore, it can be shown that the sign of 

! 

E ˜ r 
N( ) " r

F
 is identical to the sign of 

! 

"#C # rF , where C is the aggregate consumption 

function. While micro theory tells us nothing about this sign, macro theory usually 

presumes that aggregate saving is positively related to the interest rate and thus that 

! 

E ˜ r 
N( ) " r

F
 should be positive. Merton concludes that this model appears to be consistent 

with the results found by B-J-S and others that indicate that high beta assets earn less and 

                                                 
91  Roll (1969) provides tests of the Sharpe-Lintner model based on taking explicit account of the 
potential errors involved in using proxy measures of the riskless rate and the market portfolio returns. He 
applies these tests to a sample of 793 weekly observations on U.S. Treasury bills beginning in 1949. The 
results seem to indicate that the asset pricing model does not adequately describe the structure of returns in 
the Treasury bill market. 
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low beta assets earn more than predicted by the traditional asset pricing model. But until 

detailed investigation of the empirical implications of the model has been carried out, 

conclusions on these issues are tentative at best.92 

The existence of heterogeneous expectations.  

The model as originally derived (and all of the extensions discussed here) are 

based on the assumption that all investors view the probability distributions on all assets 

in exactly the same way: an assumption clearly violated in the world. Some have 

criticized the reality and even the usefulness of the model on these grounds although it is 

.not exceptional in this respect; most of price theory involves essentially the same 

approach. Indeed, the assumption of perfect certainty, though much stronger than that of 

homogeneous expectations, has led to many important insights into the nature of markets 

and resource allocations. The assumption of identical tastes or a “representative 

consumer” often used in traditional price theory is quite analogous to that of 

homogeneous expectations, and while such an assumption is clearly erroneous as a 

description of reality, it has often been found to yield extremely useful insights into 

complex problems. 

A number of authors93 have examined the relaxation of the assumption of 

homogeneous expectations and, as one might expect, it in no way plays a critical role 

regarding the existence of a market equilibrium solution in the two-period mode1.94 In 

                                                 
92  Recall that (28) is stated in terms of instantaneous rates, and a more complicated expression applies to 
discrete time returns as in (20).  
93 Primarily Lintner (1965a; 1969). See also Sharpe (1970, Appendix D), and Fama (1971). 
94 Although as Radner (1970a; 1970b) and Long (1972a) have pointed out, the situation may not be 
quite this simple in the context of the multi-period problem. 
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addition, Lintner95 has demonstrated that the relaxation of the assumption eliminates the 

somewhat unattractive implication that all investors hold identical portfolios of risky 

assets, but so does the relaxation of some of the other assumptions, as we have seen. 

Market equilibrium prices can be written in the same form as that of equation (2) but with 

! 

E j
˜ D ( ), " , and 

! 

cov
j

˜ D ,
M

˜ D ( )  interpreted as very complex weighted averages (involving 

investor utility information) of all investors’ expectations. 

Unfortunately, these solutions seem to have little empirical content. It appears to 

be impossible to eliminate the individual utility information from these solutions to 

obtain equilibrium relationships stated solely in terms of potentially observable market 

parameters. It is also difficult to obtain closed form expressions for the equilibrium prices 

in such models, since they require complete knowledge of the marginal rates of 

substitution of expected return for variance at all points in the mean-variance plane for all 

investors. By closed form is meant an expression for the equilibrium prices which 

involves only exogenously given parameters such as probability assessments, quantities 

of assets, and investor preferences. However, the marginal rates of substitution of 

expected return for variance depend in general on the equilibrium position of each 

investor in the mean-variance plane and therefore are themselves functions of the prices 

of all assets. Since, given heterogeneous expectations, it is difficult if not impossible in 

most cases to eliminate the utility information from the equilibrium relationships, we 

cannot obtain prices solely as a function of exogenous parameters. 

                                                 
95  In Lintner (1969). 
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However, as Lintner has demonstrated,96 a closed form solution can be obtained 

in the special case in which all investors’ preferences functions, 

! 

 i

U E ˜ R ( ), 2

" ˜ R ( )[ ] , can be 

represented as 

 

! 

 
i

U = E ˜ R ( )" i#
2

$ ˜ R ( ),  

that is, the case of constant absolute risk aversion in the Pratt-Arrow sense. Since the 

marginal rate of substitution, 

! 

dE R( ) 2

d" R( ) = # $U
2

$"[ ] $U $E[ ] , is a constant, 

! 

i" , it 

is obviously independent of market prices. In this case Lintner shows that equation (2) 

holds and that the market risk premium 

! 

"  is proportional to the harmonic mean of the 

! 

i"  

values of all investors. In addition, the expected cash flows, 

! 

E j
˜ D ( ) , and covariances 

! 

cov
j

˜ D ,
M

˜ D ( ), in (2) can then be interpreted as very complicated averages involving the 

probability assessments and preferences of all investors for all assets. While such 

solutions can be obtained, their usefulness is not clear, other than that they provide an 

illustration of the fact that the structure of equilibrium prices is in many ways similar to 

that of the simple model.97 

5. Conclusions 

The mean-variance asset pricing model has thus far provided a major source of 

empirically testable propositions regarding the nature of risk and its relation to the 

equilibrium structure of asset prices. The currently available empirical evidence seems to 

                                                 
96  Ibid. 
97  Lintner (1969) also examines the equilibrium solution for the special case of constant absolute risk 
aversion with heterogeneous expectations where (1) 100 percent margin is required on all short sales, (2) no 
riskless asset exists, (3) no short sales are allowed, and (4) some investors “have no judgements 
whatsoever” with respect to some stocks in the market. These solutions are similar in many respects to 
those outlined above for the simple case of heterogeneous expectations, but they are much more complex. 
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indicate that the simple version of the asset pricing model98 does not provide an adequate 

description of the structure of expected security returns. 

The recent evidence presented by Black, Jensen, and Scholes and Fama and 

MacBeth99 seems to indicate that the two-factor equation for equilibrium expected returns 

involving the market factor and the beta factor suggested by B-J-S and later derived 

theoretically by Black, Vasicek, and Brennan100 may be an adequate representation of the 

unconditional expected return on assets, even though it is far from a complete 

specification of the stochastic structure of asset returns. Fama and MacBeth also present 

evidence which indicates the presence of two additional factors involving 

! 

j

2

"  and the 

residual risk 

! 

" ju( ) , both of which have random coefficients whose means are zero. We 

do not as yet have completely satisfactory explanations for the existence of the beta 

factor, the stochastic nonlinearities, or the stochastic residual risk effects. However, the 

evidence seems to be entirely consistent with the three major equilibrium implications of 

the two parameter port-folio model: (1) The ex ante relationship between risk and return 

is linear, (2) no nonportfolio risk measure is systematically related to ex ante expected 

returns, and (3) market risk premiums are positive. In addition the data also seem to be 

consistent with market efficiency, since the stochastic coefficients in the monthly cross-

sectional regression models of Fama and MacBeth and of Black, Jensen, and Scholes all 

seem to behave as fair game variables, and therefore do not provide any profitable trading 

opportunities. 

                                                 
98  Cf. Sharpe (1964), Lintner (1965a; 1965b), Mossin (1966), and Fama (1968). 
99  In Black (1972) and Fama (1972), respectively. 
100  In Black (1970), (Vasicek, 1971), and Brennan (1971), respectively 
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The reality of the model has also been criticized by many. Virtually all of its 

assumptions have been criticized as inappropriate and suggested as the source of the 

apparent empirical inadequacies documented earlier by a number of authors.101 However, 

as we have seen, most of the assumptions of the model have been shown to be capable of 

relaxation without destroying the essential nature of the results, and (except for 

heterogeneous expectations) these models are potentially empirically testable. Thus the 

mean-variance approach to asset valuation under uncertainty shows promise of a 

remarkable robustness. Perhaps one of the most promising lines of investigation at this 

time derives from the two-factor model resulting from the assumption of no riskless 

borrowing or differential interest rates102 and the three-factor continuous time model 

derived by Merton.103 

We now have substantial empirical documentation of the process generating the 

returns on assets and at least several potential theoretical explanations of these empirical 

results. Although empirical tests of the alternative theoretical explanations are currently 

in a rather preliminary state, there is little doubt that explicit empirical tests of alternative 

theories are forthcoming. While we do not yet have a complete solution to the asset 

pricing problem, in the recent past we have obtained a much better understanding of the 

nature of the process generating the returns on assets, and it seems likely that the rate of 

increase in our knowledge in this area will continue at least into the near future. 

                                                 
101  Douglas (1969), Friend and Blume (1970), B-J-S (1972), and Miller and Scholes (1972).  
102  Cf. Black (1970), Vasicek (Vasicek, 1971), and Brennan (1971). 
103  In Merton (1970b; 1972). 
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Appendix 

The mean-variance valuation model 

Consider a world in which all investors (denoted by i) are risk-averse single-

period expected utility maximizers whose consumption decisions are made independently 

of their portfolio decisions. Assume also that all investors’ orderings of portfolios can be 

represented by a utility index of the form 

! 

iG ie , iv( ) , where 

! 

ie  is the expected total cash 

flow to be generated one period hence by the ith investor’s portfolio and 

! 

iv  is the 

variance of this cash flow. We also assume that 

! 

i"G " ie > 0, i"G " iv < 0, all assets are in-

finitely divisible, and transactions costs and taxes are zero. Define 

! 

ie = ijX
j

" jD # ird , (A1) 

! 

iv = ijX
k

" ikX jk# ,
j

"  (A2) 

! 

ijX = fraction of the total amount of firm j held by individual i, 

! 

j
˜ D  = the random total dollar cash flow paid to owners of firm j at time i, 

! 

jD = E j
˜ D ( ), 

! 

jk" =
var j

˜ D ( ), j = k     

cov j
˜ D , k

˜ D ( ), j # k

$ 
% 
& 

' & 
 

! 

r = 1+ FR( ), where 

! 

FR  is the one-period riskless rate of interest at which every 

consumer can borrow or lend,104 and 

! 

id  = net debt of individual 

! 

i( id > 0 implies borrowing, 

! 

id < 0  implies lending). 

The individual investor’s portfolio problem is 
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! 

ij ,x id

Max iG ie , iv( ), (A3) 

subject to the budget constraint 

 

! 

ijX
j

" jV # id = iW , (A4) 

where 

! 

jV  = total market value of firm j at time 0, and 

! 

iW  = total wealth of the ith 

individual at time 0. Under the assumption that all investors can borrow or lend at the rate 

! 

FR  and that all investors have homogeneous expectations regarding the 

! 

jD  and 

! 

jk" , we 

find the solution to the individual’s portfolio problem by forming the Lagrangian 

 

! 

L = iG ie , iv( ) + i" iW # ijX
j

$ jV + id
% 

& ' 
( 

) * 
. (A5) 

Differentiating with respect to 

! 

ijX  and 

! 

id  and eliminating 

! 

i"  provides the optimum 

conditions for each individual i: 

 

! 

i"G

" ie

# 

$ 
% 

& 

' 
( jD ) jrV( ) + 2 i"G

" iv

# 

$ 
% 

& 

' 
( ikX

k

* jk+ = 0, for all j and i,  (A6) 

or equivalently for all pairs (j, t) we have by rearranging (A6) and dividing the equation 

for asset j by the equation for asset t: 

 

! 

jD " jrV

tD " trV
=

ikX
k

# jk$

ikX
k

# tk$
,  for all i.  (A7) 

Market equilibrium requires that all assets be held, and this provides the condition 

 

! 

ijX
i

" =1,  for all j.  (A8) 

Multiplying both sides of (A7) by 

! 

ikX
k

" tk# , summing over all i, using (A8), and 

rearranging, we obtain for all pairs (j, t): 

                                                                                                                                                 
104  The model as formulated here can also be interpreted as an infinite time horizon model where all 
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! 

jD " jrV

jk#
k

$
= tD " trV

tk#
k

$
 (A9) 

Denoting this common ratio by 

! 

"  we obtain105 

 

! 

" = tD # trV

tk$
k

%
,

  =
tD # trV( )

t

%

tk$
k

% ,
t

%
= MD # MrV

M

2

$
,

 for all t (A10) 

where 

! 

MD  = expected total cash flow paid by all firms in the market, 

! 

MV  = total value of 

all firms in the market at time 0, and 

! 

M

2

" = var
M

˜ D ( ) = variance of total cash flow paid by 

all firms.  

Substitution from (A10) into (A9) provides an expression for the equilibrium 

value of the jth firm:  

 

! 

jV =
1

r
jD "# cov j

˜ D , M
˜ D ( )[ ]    for all j  (A11) 

where 

! 

cov j
˜ D , M

˜ D ( ) = jk"
k

# . Thus in equilibrium the value of the jth firm is the present 

value (discounted at the risk-free rate) of the certainty equivalent of the random payment 

! 

j
˜ Y . The certainty equivalent is simply the expected payment 

! 

jD  minus a risk discount 

given by the product of 

! 

" , the price per unit of risk, and the “systematic” risk of the firm 

given by the covariance of its cash flow with the total cash flows from all other firms (the 

sum of its own variance and its covariances with all other firms). In addition, defining the 

                                                                                                                                                 

probability distributions of single-period cash flows are assumed stationary and r is the single-period 
riskless rate of interest (assumed identical for all periods). 
105  Since, if 

! 

1a 1b = 2a 2b =  . . . na nb = Z,  then ia
k=1

n

" ib
k=1

n

" = Z. 
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expected return on asset j to be 

! 

E ˜ R j( ) = jD jV( ) "1 and solving (Al1) for 

! 

E ˜ R j( )  provides 

the expression for the equilibrium structure of expected returns on all assets: 

 

! 

E j
˜ R ( ) = FR + "cov j

˜ R , M
˜ R ( ), (A12) 

where 

! 

" = E M
˜ R # FR( )[ ] 2

$ M
˜ R ( )  is the market risk premium, 

! 

E M
˜ R ( ) =

iz
i

" E i
˜ R ( )  is the 

expected return on the market portfolio, 

! 

iz = iV MV ," = 2

# M
˜ R ( )  is the variance of return 

on the market port-folio, and 

! 

cov j
˜ R , M

˜ R ( ) is the covariance between the return on asset j 

and the return on the market portfolio. 

Investor preferences and the market risk premium 

An alternative interpretation of 

! 

" , the market price per unit of risk can be 

provided. While equation (A10) defines 

! 

"  in terms of market parameters this “price” can 

also be interpreted solely in terms of the weighted average marginal rate of substitution of 

risk and return for each investor in the economy in equilibrium. To state the value 

equation in terms of investor preferences, we can use a typical equation from (A6). 

Rewrite the equation for firm j for the ith investor as: 

 

! 

jD " r jV = 2
i#e

i#v

$ 

% 
& 

' 

( 
) ikX

k

* jk+ ,     for all i and j  (A13) 

where 

! 

i"e i"v( ) = # i"G i"v( ) i"G i"e( ) > 0  is the marginal rate of substitution of expected 

dollar return for variance for individual i. It can be shown106 that at equilibrium each 

                                                 
106  Cf. Mossin (1966). In terms of our analysis this is easily seen by representing the system of equations 
for the ith investor given by (A6) in matrix notation as 

     

! 

i"G

i"e

# 

$ 
% 

& 

' 
( D ) rV( ) + 2

i"G

i"v

# 

$ 
% 

& 

' 
( i/ * X = 0  

 



M. C. Jensen 65 1972 

 

investor’s portfolio contains an identical fraction of the total value of every firm. That is, 

! 

ikX = ijX = iX  for all k, j, and i. Thus we can rewrite (A13) as 

 

! 

jD " r jV = i2X
i#e

i#v

$ 

% 
& 

' 

( 
) jk*

k

+ ,     for all i and j .  (Al7) 

Summing both sides of (A17) over all j, rearranging, and noting that 

! 

jk"
k

#
j

# = M
2

"  

 

! 

MD " r MV

M

2

#
= i2X

i$e

i$v

% 

& 
' 

( 

) 
* ,    for all j.   (A18) 

Summing (A18) over all i and using (A8) and (A10) we see that 

 

! 

" =
2

L

#e

#v

$ 

% 
& 

' 

( 
) ,  (A19) 

where L is the total number of investors and 

 

! 

"e

"v

# 

$ 
% 

& 

' 
( = iX

i"e

i"v

# 

$ 
% 

& 

' 
( 

i=1

L

)  

is the weighted average marginal rate of substitution of return for risk for all investors.107 

(Note that the weight 

! 

iX  is simply the fractional claim of individual i on the total market 

                                                                                                                                                 

where 

! 

D  and V are column vectors of expected total cash flows and values respectively, 

! 

/ "  is the 
covariance matrix for the random cash flows, and 

! 

iX  is the column vector of the proportions of each 
company held by the ith individual. Assuming that 

! 

/ "  is non-singular and solving for 

! 

iX  we have 

     

! 

i"G

i"e

# 

$ 
% 

& 

' 
( D ) rV( ) + 2

i"G

i"v

# 

$ 
% 

& 

' 
( i/ * X = 0 .     (A14) 

Since the scalar 

! 

i"v i"e( )  is the only item on the right-hand side of (A14) which is subscripted by i, the 

composition of every investor’s portfolio is identical up to a scale factor. In addition, each of the elements 
of the vector 

! 

iX  is identical; that is, the individual i holds the same fraction of the total value of every firm 
in existence. To see this note that the first conclusion obtained from (A14) indicates 
         

! 

ijX ikX = sjX skX      (A15) 
for any two investors i and s and any two securities j and k. Multiplying both sides of (A15) by

! 

skX , 
summing over all s, and using the equilibrium condition (A8) we have 

      

! 

ijX

ikX
=1       (A16) 

and therefore for all individuals i, 

! 

ijX = ikX = iX  for all assets j and k. 
107  Note that 

! 

"e #v( )  is in equilibrium equal to the harmonic mean of the 

! 

i"e i"v( )  for all investors. To 

see this note that 
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cash flow 

! 

M
˜ D .) Thus 

! 

"  is proportional to the weighted average marginal rate of 

substitution of expected return for variance for all investors in the economy. 

(Black and Scholes, 1970a, b; Fama and Miller, 1972; Fisher, 1965; Hirshleifer, 1964; Jensen, 1972a; Roll, 1971a) 
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Solving this expression for 

! 
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! 
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! 
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2

1

i
#i

$
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2

L

% 

& 
' 

( 

) 
* 

+
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i
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i
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i
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